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PMATH 347 Groups

1 Groups
1.1 Notation
1. N={1,2,3,..}
2. Z=1{..,—2,-1,0,1,2,..}
3. Q:{%:a,beN}
4. R = the set of real numbers
5. C={a+bi:a,beR}
6. Forn € N, Z, = {[0], [1], ..., [n — 1]}, where congruence class

8.

[rl={2€Z:z=rmodn}for0<r<n-—1.

. For n € N, an nxn matrix over R (or Q or C) is an nxn array

ayy - Qg
A=o;,] =
a a,

‘m,1 -

M, (R) = the set of nxn matrices over R with the usual addition and multiplication

m,n

1.2 Groups

G set, x operation on G X G. (G, *) is a group if it satisfies the following:

1. « is associative (if a, b,c € G, thenax (bx c) = (a* b) x ¢)
2. There exists an (identity) element e € G such thata * e = a = e * a for all
aeG

3. For each a € G, there exists an inverse a~* € G such that

axa l=e=alxa

A group G is said to be abelian if it is commutative.

Prove that in the definition of a group, it suffices to assume only that e x a = a in
(3)and a~! x a = e in (4).

Proposition 1.1

Let G be a group as defined in the previous exercise. Then a x e = a and

1

axa - =e.
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Proof:

e=exe
=(atxa)x(a"lxa)

1

= axexa l=ax (a7}

-1 —1

xa)* (a7t xa)xa

= axal= (a*a*1)3
= ex(axal)= (a*a_1)2*(a*a_1)
=e=(axa ) *x(axa)
= e=axa?
= axe=ax*(alxa)
=(axa')xa

=exa

Proposition 1.2

Let G be a group, and let a € G. Then
1. The identity of G is unique
2. The inverse of a is unique.

Proof:
1. Let ey, ey be identities. Since e, is a right identity and e, is a left identity, then
e =e; xey = ey
2. Let aq, ay be inverses of a. Then
a, =exa; = (ag*a) *xa; = ay x (axa;) = ay * €= a,.

The sets (Z, +), (Q, +), (R, +), (C, +) are abelian groups, where the additive identity
is 0 and the additive inverse of 7 is —7.
Note that (N, +) is not a group, since it has no identity.

The sets (Q, -), (R, -) and (C, -) are not groups as 0 has no multiplicative inverse in
Q,RorC.
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For set S = (S, -), let S* denote the subset of S containing all elements with
multiplicative inverses.
For example, Q* = @ \ {0}. Then (Q*, -), (R*, -) and (C*, -) are abelian groups,

where the multiplicative identity is 1 and the multiplicative inverse of r is —%.

What is Zj,?

Solution:
Z;, = {[k] : ged(k,n) = 1}

The set M,, (R) is an abelian group where the additive identity is the zero matrix
and the additive inverse of A is —A.

Consider (M,,(R), -). The identity matrix is I € M,,(R).
However, since not all M € M,,(R) has a multiplicative inverse, (M,,(R), -) is not a
group.

Define the set GL,,(R) = {M € M, (R) : det(M) # 0}.

Note

If A, B € GL,(R), then det(A) - det(B) # 0 and thus AB € GL,,(R). The
associativity of GL,, (R) inherits from M,, (R)’s associativity. Also, the identity
matrix I satisfies det(I) = 1 # 0 and thus I € GL,,(R). Finally, for M € GL,(R),
there exists M~ € M,,(R) such that MM~ = I = M1 M. Since

det(M™1) = W # 0, we have M ! € GL,,(R). Thus (GL,,(R), -) is a group.

(GL, (R),) is called the general linear group of degree n over R.

Note

If n > 2, the group (GL,,(R), ) is not abelian.
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What is (GL,(R), -)?

Solution:

(GL,(R),-) = (R\ {0}, )

Let G and H be groups. Then the direct product is the set G x H with the
component-wise operation defined by (g;, k1) * (95, ha) = (g1 *¢ ga, Py *g ho)-
One can check that G x H is a group with the identity (e, ej) and the inverse of
(g,h)is (gfl, h71).

Note

One can show by induction that if G|, G,, ...G,, are groups, then
G, x Gy x ... x G, is also a group.

Given a group G and g,, g, € G, we often denote g; * g, by g, g, and the identity
by 1.

Also, the unique inverse of an element g € G is denoted by g~

For n € N, we define g" = gx g x ... g (n times) and g™ = (g*)"

Finally, we denote ¢° = 1.

Proposition 1.3

Let G be a group and g, h € G. We have
1. (g*1)71 =g
2. (gh)™t =h7lg™!
3. g"g™ = g"*""Vn,m € Z
4. (g™ =g"™Vn,m € Z

Proof:
1. Since g g =1 = gg~!, then (gil)_1 =g.
2. (gh)(h'g™') =g(hh™')g ! = glg~! = gg~' = 1 Similarly, (h~g")(gh) = 1.
Thus, (gh)~! = h~1g7L.

Prove (3) and (4) from the previous proposition.
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Remark

In general, it is not true that if g, h € G, then (gh)™ = g™h™. This is not true unless
G is abelian.

Proposition 1.4

Let G be a group and g, h, f € G. The following are true:
1. They satisfy left and right cancellation. More precisely,
a. ifgh = gf,then h = f.
b. if hg = fg,then h = f.
2. Given a, b € G, the equations ax = b and ya = b have unique solutions for

z,y €G.
Proof: (1.a): By left-multiplying by ¢!, we have
gh=gf
=g ' (gh) = g7 (9f)
=>h=f

The proof of (1.b) is similar.

(2): Let x = a~'b. Then az = a(a~'b) = (aa1)b = 1b = b.

If u is another solution, then au = b = az. By (1.a), u = z.

Similarly, y = ba~! is the unique solution of ya = b. 0

1.3 Symmetric groups

Given a non-empty set L, a permutation of L is a bijection from L to L. The set of
all permutations of L is denoted by S;,.

Consider the set L = {1,2, 3}, which has the following different permutations:
(};g), (gg) (it indicates the bijection o : {1,2,3} — {1, 2,3} with
o(l)=1,0(2) =3,0(3) =2.

Forn € N, we denote - by S,, = S; 5, the set of all permutations of
{1,2,...,n}. We have seen that the order (size) of S5 = 3! = 6. To consider the
order of the general S,,, we note that for a permutation of S,,, there are n choices
for o(1), (n — 1) choices for o(2), ..., 1 choice for o(n).
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Proposition 1.5

We have |S,,| = n!

Note

On Mobius Quiz, use “nine dots” to format a permutation.

Given o, T € §,,, we can compose them to get a third element o7, where
or:{1,2,..,n} — {1,2,...,n} given by z  o(7(z))Vz € {1,2,...,n}. Since both o, 7
are bijections, so is o7. Thus o7 € §,,.

Compute o7 and 70 if 0 = (éi‘z’;) and 7 = (; igi‘)
We note that o7 # 70. For any 0,7 € S,,, we have 07,70 € S,,, but 07 # 70 in
general. On the other hand, for o, 7, 4 € S,,, we have that o(Tp) = (o7)p.

Also, the identity permutation € € S,, is defined as

(1 2. n)

& =
12..n

Then for any o € S,,, we have oe = 0 = co.
Finally, for o € S,,, since it is a bijection, there exists a unique bijection o1, called
the inverse permutation of o, such that for all z,y € {1,2,...,n}, o1 (z) = y iff
o(y) = z. It follows that o(0 1 (z)) = z and o1 (0 (y)) = y.

Sowehave oo~ ! =¢ =0 lo.

For example, find the inverse of 0 = (}1 g ‘;’ 421 g)
Note that (1) = 4. Thus 0~*(4) = 1. Compute the rest similarly.

We have 0~ = (éig%g)

Proposition 1.6

S, is a group under function composition, called the symmetric group of degree n.

Proof: Above example. 0

Write down all rotations and reflections that fix an equilateral triangle. Then check
why it is the same as S;.

Solution:

. . _ /123 _ (123
e € S5 corresponds to no rotations nor reflections. s; = (5 33),5, = (3 5) and
S3 = (:1,’ g :13) correspond to reflections across the 3 angle bisectors. s, = (; f g) and

S5 = (é g :13) correspond to rotations of %ﬂ' radians clockwise and counter-clockwise.
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Consider

(12345678910)65
31769425810 L0

We note the following cycles
12327221
4—-6—4
5—>9—=8—=5

10 — 10

Thus, o can be decomposed into one 4-cycle (1 3 7 2), one 2-cycle (4 6) and one 3-
cycle (5 9 8) and one 1-cycle (10). Note that these cycles are pointwise disjoint and
we have o = (1372)(46)(598).

12345678910)

(1372):<31745628910

12345678910
46) =
(46) (12365478910)

12345678910
(598)=( )

12349675810

(10)_(12345678910>
- \12345678910

Note

1. We do not usually write 1-cycles explicitly.
2. We can also write o = (46)(598)(1372) = (64)(985)(7213).

Theorem 1.7 Cycle Decomposition Theorem

If o € S, with o # ¢, then o is a product of (one or more) disjoint cycles of length
at least 2. This factorization is unique up to the order of the factors.

Proof:Let o € S,, be arbitrary. Pick i; € {1, ..., n} arbitrarily. Since o is a surjection, then
there exists ¢ € {1,...,n} such that () = %;. Then there exists a 1 < k < n such that
k(i) =i O
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Every permutation in S,, can be regarded as a permutation in S, ; by fixing the
number (n+1). Thus, $; €S, € ... € S5, CS,,; C ...

1.4 Cayley Tables

For a finite group G defining its operation by means of a table is sometimes
convenient. Given z, y € G, the product zy is the entry of the table of the table in
the row corresponding to z and the column corresponding to y. Such a table is a
Cayley table.

Remark

By cancellation, the entries in each row or column of a Cayley table are all distinct.

Consider (Z,, +). Its Cayley table is

Zy | 0] | [1]
[0] | [0] | [1]
[ [ (] (O]

Consider the group Z* = {1, —1} under multiplication. Its Cayley table is

7* 1 —1

1 1 —1

—11]| -1 1
Note

If we replace 1 by [0] and -1 by [1], then the Cayley tables of Z* and Z, become the
same. In this case, we say Z* and Z, are isomporphic, denoted by Z* = Z,,.

For n € N, the cyclic group of order n is defined by C, = {1,a,a?, ...,a" "'}, with
a" =1land1,aq,...,a""! are distinct. The Cayley table of C,, is as follows.
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C, 1 a | a2 P I
1 1 a a? a2 | g
a a a? a’ a1 1
a? a? a’ at 1 a
an72 an72 anfl 1 an74 an73
an—l an—l 1 a an—3 an—2

Proposition 1.8

Let G be a group up to isomorphism. We have
1. If |G| = 1, then G = {1}.
2. If |G| = 2, then G = G,
3. If |G| = 3, then G = G,
4. If |G| = 4, then G = C, or G = K, = C, x C,, the Klein 4-group.

Proof:
1. If |G| = 1, then G = {1}.
2. If |G| = 2, then G = {1, g} with g # 1. Then g2 = g or g?> = 1. We note that if
g2 = g, by cancellation, we get g = 1, a contradiction. Therefore, g2 = 1. Hence, the
Cayley table of G is

Gll|g
111]g
g19|1

3.

If |G| = 3, then G = {1, g, h} with g # 1, h # 1, g # h. By cancellation, we have

gh # g, gh # h. Thus, gh = 1. Similarly, we have hg = 1. Also, on the row for g, we have
g-1=g,g-h=1.Since all entries in this row are distinct, we have g2 = h. Similarly, we
have h? = g. Thus, we obtain the following Cayley table:

G|l1l|g|h
111)g|h
glgl|h]|1

Lig
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Consider the symmetry group of a non-square rectangle. How is it related to K,?

2 Subgroups
2.1 Subgroups

Let G be a group and H C G. If H itself is a group, then we say that H is a
subgroup of G.

We note that since G is a group, for h, hy, hy € H C G, we have

hq(hyhg) = (hqyhy)hs. Thus, H is a subgroup of G if it satisfies the Subgroup Test.

Let G be a group and H C G. H is a subgroup if the following are true:
1. If hy,hy € H,then h hy € H.
2. 1y € H.
3. If h; € H,then hi' € H.

Prove that 1 = 1.

Proof:Let H C G be a subgroup. ThenVa € G,a-1g =a=15-a.But H C G, so
Va€e Hya-1g =a=15-a.Hence, 15 = 1. 0

Given a group G, then {1} and G are subgroups of G.

We have a chain of groups (Z,+) € (Q,+) € (R, +) C (C, +).

PMATH 347 11
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We recall the general linear group of order n over R is
GL,(R) = (GL,(R),-):={M € M, (R),det(M) + 0}
Define
SL,(R)=(SL,(R),:):={M € M,(R),det(M) =1} C GL,(R)
Note that the identity matrix I € SL,(R). Let A, B € SL,(R). Then

det(AB) = det(A)det(B) =1-1=1anddet(47!) = dec}A) =1=150

AB, A7! € SL, (R). By the Subgroup Test, SL,,(R) is a subgroup of GL,,(R). We
call SL,, (R) the special linear group of order n over R.

Given a group G, we define the center of G to be
Z(G)={2€G:29g=gzVgeG}.
Note that Z(G) = G iff G is abelian.

Proposition 2.1

Z(G) is an abelian subgroup of G.

Proof:
Note that 1 € Z(G). Lety, z € Z(G). Then for all g € G, we have
(y2)g = y(zg) = y(92) = (y9)z = (9y)z = 9(y2)

Thus, yz € Z(G).

Also, for z € Z(G) and g € G, we have
29 =gz 27 (29)z71 = 271 (gz) 271

& (zz7Y)gzt =27 g(z27t)

S grlt=271y

Thus, 271 € Z(G). By the Subgroup Test, Z(G) is a subgroup of G. Also, by the definition
of Z(@), we see that is it abelian. O
Proposition 2.2

Let H and K be subgroups of a group G.Then HNK ={g€ G:g€e HAg€ K}
is a subgroup of G.
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Proof:Let f,g € HN K. Then f,g € H,so f-g € H since H is a group. Similarly,

f,g€ K,so f-ge€ K since K is a group. Therefore, f- g € HN K.Now, 1o € HN K
since 1 = 14 by Exercise 2.1.1 and 1 € H, and since 1 = 1, by Exercise 2.1.1 and

1y € K.Finally,if f € HN K, then f € H, so fz' € H since H is a group, and similarly,
fEK,so fgt € K.But fg' = fg* = fg' := f~! since inverses are unique and since

H, K are both subgroups of G. Therefore, f~1 € H N K. Therefore, H N G is a subgroup
of G. O

Proposition 2.3 Finite Subgroup Test
If H is a finite non-empty subset of a group G, then H is a subgroup of G iff H is
closed under its operation.

Proof:

— Trivial

<=TFor H # &, let h € H. Since H is closed under its operation, we have h, h?, k%, ... are
all in H. Since H is finite, these elements are not all distinct. Thus, A = A™*™ for some
n,m € N. By cancellation, h™ = 1 and thus 1 € H. Also, 1 = hm1p implies that

h~! = h™~! and thus A~ € H. By the subgroup test, H is subgroup of G. 0

2.2 Alernating Groups

A transposition o € S,, is a cycle of length 2, ie: (a b) witha,b € {1,2,...,n} and

a +b.

Consider (1 2 4 5) € S;. Also, the composition (1 2)(2 4)(4 5) can be computed as

W W w w
(SIS IS IR
— N ot

N =
NN

Thus, we have (1 2 4 5) = (1 2)(2 4)(4 5).

Also, we can show that (1 2 4 5) = (2 3)(1 2)(2 5)(1 3)(2 4).

We see from this example that the factorization into transpositions are NOT unique.
However, one can prove the following theorem (see Bonus 2).

Theorem 2.4 Parity Theorem

If a permutation o has two factorizations o = v;7,...7, = 1 4s... 15, Where each ;
and yu; is a transposition, then 7 = s (mod 2)

PMATH 347 13
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A permutation o is even (or odd) if it can be written as a product of an even (or odd)
number of transpositions. By Theorem 2.4, a permutation is either even or odd, but
not both.

Theorem 2.5

Forn > 2, let A, denote the set of all even permutations in .S,,. Then
l.e€A,
2. Ifo,7€ A,,thenor € A, ando! € A
3. |4,| = in!

n

From (1) and (2), we see that A, is a subgroup of S,,, called the alternating group
of degree n.

Proof:
1. We can write ¢ = (12)(12). Thus, € is even.
2. Ifo,7 € A, we can write ¢ = 0,0,...0,. and T = 7, T,...T,, where o;, 7; are
transpositions and r, s are even integers. Then o7 = 04...0,.7; ...T, is a product of
(r + s) transpositions and thus o7 € A,,.Also, we note that since o, is a

transposition, we have 02 = ¢ and thus o] ! = o;. It follows that

2 =
o'=(0,..0,)"" = 0,0, ,..0,, which is an even permutation.

3. Let O,, denote the set of odd permutations in S,,. Thus, S,, = A,, U O,, and the parity
then implies that A,, N O, = @. Since |S,,| = n!, to prove |4,,| = 3n!, it suffices to
show that |A4,,| = |0, |. Let v = (12) and let f : A,, — O,, be defined by f(c) = vo.
Since o is even, we have 7o is odd. Thus, the map is well-defined. Also, if we have
0, = 704, then by cancellation, we get o; = o5. Thus f is injective.

Finally, if 7 € O,,, then 0 = 47 € A, and f(0) = yo = y(y7) = 427 = 7. Thus, f is
A, | =10,]. It follows that
Ay | = 30! = 0,]. O

surjective. It follows that f is a bijection. Thus,

2.3 Orders of Elements

If G is a group and g € G, we denote
(gy={g?:Bez}={.,g%g "4 g ¢ .}

Note that 1 = ¢° € (g). Also, if z = g™,y = g™ € (g) with m,n € Z, then
Ty = gmg" = g™*" € (g) and 27! = g™ € (g). Therefore, by Definition 2.1.2, we
have the following proposition:

PMATH 347 14
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Proposition 2.6

If G is a group and g € G, then (g) is a subgroup of G.

Let G be a group and g € G. We call (g) the cyclic subgroup of G generated by g. If
G = (g) for some g € G, then we say G is cyclic and g is a generator of G.

Consider (Z, +). Note that for £ € Z, we can write

=R -1=14+1+4+..41
% times

Note that when 2 = 0, 2 = 1,4 = 0 € Z. Thus, (Z, +) = (1). Similarly,
(Z,+) = (—1). We observe that for any n € Z with n # 41, there existno £ € Z
such that £ - n = 1. Thus, + 1 are the only generators of (Z, +).

Note

Let G be a group and g € G. Suppose that there exists £ € Z, # # 0 such that
g =1

We can assume that Z > 1 because if 2 < —1, then g*)é = 1. So, by the well-
ordering principle, there exists the “smallest” positive integer n such that g™ = 1.

Let G be a group and g € G. If n is the smallest positive integer such that g" = 1,
then we say that the order of g is n, denoted by o(g) = n. If no such n exists, then
we say ¢ has infinite order and write o(g) = co.

Proposition 2.7

Let G be a group and g € G satisfying o(g) = n € N. For k € Z, we have
1L gF=1iffn|k
2. g* = g™ iff k = m(modn)
3. (9) ={1,9,6% ..., g" 1}, where 1,g,¢%, ...g
we have [(g)| = o(g).

"1 are all distinct. In particular,

Proof:

(1)(«<=) If n | k, then k = ng for some q € Z. Thus, g* = g"? = (¢")! =19 = 1.
(=) By the division algorithm, we can write k = ng 4+ r with ¢,7 € Zand 0 < r < n.
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Since g* = 1 and g" = 1, we have g" = g* "4 = g* . (¢") 9 = 1-179 = 1. Since

0 <r < mnando(g) = n, we have r = 0 and hence n | k.

(2) Note that g¥ = g™ iff g* ™™ = 1. By (1), we have n | (k — m), which is equivalent to
k = m(modn).

(3) It follows from (2 ) that 1, g, g2, ...g" ! are all distinct. Clearly, we have

{1,9, 92, ., g" 1} C {g). To prove the other inclusion, let g* € {g) for some k € Z. Write
k:nq+rw1thq,re ZandO < r < n.Then

=) -g"=11-g"=g" €{l,g,...,9" '} Thus, we have (g) = {1,9,...,¢"'}. O

Proposition 2.8

Let G be a group and g € G satisfying o(g) = co. For k € Z, we have
1. ¢*=1iff k=0
2. gF=gmiffk=m
3. () ={.,g7%9',¢°=1,g', 4% ...}, where g are all distinct.

Proposition 2.9

Let G be a group and g € G with o(g) =n € N.If d € N, then o(g%) = FICHIL
where ged(n, d) is the ged of n and d. In particular, if d | n, then ged(n, d) = d and
o) = 4

Proof:Letn; = gcd gy and dy =
ged(ng,d;) = 1. Note that

gcd Zd(nd) By a result in MATH 135, we have

(g™ = (gd)m — (gn)m =1

since 0(g) = n. Thus, it remains to show that n, is the smallest such positive integer.
Suppose (g¢)" = 1 with r € N. Since o(g) = n, by Proposition 2.7, we have n | dr. Thus,
there exists ¢ € Z such that dr = ngq. Dividing both sides by ged(n, d), we get

d n

dir = - -
VT ged(nd)  ged(n,d)? T ™Y

Since n; | d;r and ged(n,,d;) = 1, then by a result in MATH 135, we get ny | 7, ie:
r = nyl for some [ € Z. Since r;,n; € N, it follows that [ € N. Since [ > 1, we get r > n;.
U

2.4 Cyclic Groups
Remark

For a group G, if G = (g) for some g € G, then G is a cyclic group. For a,b € G, we
have a = g™ and b = g" for some m, n € Z for some m,n € Z. We have
ab:gmgn:ngrn:g :gngm:ba

m+n
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Proposition 2.10

Every cyclic group is abelian.

Remark

The converse of Proposition 2.10 is false. For example, the Klein 4 group

K, = C, x G, is abelian, but K, is not cyclic.

Proposition 2.11

Every subgroup of a cyclic group is cyclic.

Proof: Let G = (g) be cyclic and let H be a subgroup of G.If H = {1}, then H = (1) is
cyclic.

If H # {1}, then there exists g* € H with k € Z and k # 0. Since H is a group, then we
have g% € H. Thus we can assume that k¥ € N. Let m be the smallest positive integer
such that g™ € H.

Claim: H = (g™)

Proof of claim: Clearly, (¢™) C H. For the other containment, let ¢’ € H. Then

g = g™ for some g € Z,0 <1 < m, since H C G = (g) and by division algorithm. So
g = (g™)%g". Since H is a group and g™ € H, then (¢™)? € H.So g" = (¢™) g’ € H.
However, m is the smallest postiive integer for which g" € H, so r = 0. Hence,

g = (g™)%° = (g™)? 1= (g™)? € (g™).So H = (g™), as required. O

So in either case, H is a cyclic subgroup of G, as required. O

Proposition 2.12

Let G be a cyclic group with o(g) = n. Then G = {g*) if and only if gcd(k, n) = 1.

Proof: By order-power-finite-group, o(g*) = m =n 0
Theorem 2.13 Fundamental Theorem of Finite Cyclic Groups

Let G = (g) be a cyclic group with o(g) =n € N.
1. If H is a subgroup of G, then H = (g?) for some d | n. It follows that
|H| | |G| (H]| divides |G).
2. Conversely, if k | n, then (g%> is the unique subgroup of G of order k.

Proof:
1. By Proposition 2.11, H is cyclic. Write H = (g™) for some m € NU {0}. Let
d = ged(m,n).

Claim: H = {g%).
Proof of claim: Since d | m, we have m = dk for some k € Z. Then
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g™ = g% = (gd)k € (g?). Thus, H = (g™) C {g?). To prove the other inclusion,
since d = gcd(m, n), then by Bezout’s Lemma, there exist ,y € Z such that

d = mz +ny. Then g% = g™ = (¢™)"(¢")" = (¢"™)" - 1¥ = (¢™)" € (¢™).
Thus (g?) C (¢™) = H. It follows that H = (g?). Note that since d = ged(m,n), we
have d | n. By Proposition 2.7 and order-power-finite-group, we have

n n

H1=0) = edtnd) ~ d

Thus, [H| | |G|. O
2. By Prop 2.8, the cyclic subgroup (g%> is of order

n _n_y

ged(n, %) %
To show uniqueness, let K be a subgroup of G, which is of order k with & | n. By (1),
let K = (g¢) with d | n. Then by Prop 2.6 and Prop 2.8, we have

k=|K|=o0(g9%) = zedtnay = - 1t follows that d = % and thus K = (g*).

2.5 Non-Cyclic Groups

Let X be a non-empty subset of a group G, and let
(X) = {:c’flxgzxk cx;, € Xk, €Z,m > 1} denote the set of all products of

m
powers of (not necessarily distinct) element of X.

Note

Ifxlfl,...acfnm € (X) and yili...y;" € (X), then mlfl...foMy;“...yz" € (X). Also,
29 € (X) and (xlflxlf,r) = ac:nkm...xfkl € (X). Hence, (X) is a subgroup of G

containing X, called the subgroup of G generated by X.

The Klein 4-group K, = {1,a,b,c} witha? =b?> =c?> =landab=c(orac=b
orbc = a). Thus, K, =< a,b=a? =1 = b2 A ab = ba >.

The symmetric group of order 3, S5 = {¢, 0,02, 7,70, 70>}, where 03 = ¢ = 72

and o7 = 70?2 (one can take sigma = (1 2 3) and 7 = (12)). Thus,
Sy = (0,7 |03 =e=72ANor =710?%)

We can also replace o, 7 by o, 70 or o, 702, etc.
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For n > 2, the dihedral group of order 2n is defined by

D,, ={1,a,...,a" 1,b,ba, ..., ba"" 1}
where a® = 1 = b2 and aba = b. Thus,

D,, = {a,b| a"” =1=1b? A aba = b)

Note that whenn = 2 orn = 3, we have D, = K, and Dg = S,.

For n > 3, consider a regular n-gon and its group of symmetries. How does it relate
to D,,?

3 Normal Subgroups

3.1 Homomorphisms and Isomorphisms

Let G and H be groups. A mapping a : G — H is a homomorphism (HM) if
ala *g b) = a(a) *g a(b) Ya,b € G
To simplify notation, we often write

a(ab) = a(a)a(b) Ya,b € G

Consider the determinant map
det = (GL,,(R), ) — R*
given by
A — det(A)

Since det(AB) = det(A) det(B), the mapping det is a homomorphism.

Proposition 3.1

Let o : G — H be a group HM. Then
1. a(lg) =1y
2. a(g)=a(g)t Vge G
3. a(g") =a(g)f Vge G,VkeZ
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Proof:
1L a(lg) =a(lg-1g) = a(l ) (IG) so by cancellation, a(15) = 1.
2.1y =olg) =a(g-g') =alg) -alg™)-Soalg) ' =alg™).

3. ( ) a(g).alg) = a(g)*
k times k times

Let G and H be groups. Consider a mapping o : G — H.If o isa HM and o is
bijective, we say « is an isomorphism (IM). In this case, we say G and H are
isomorphic and denote it as G = H.

Proposition 3.2

We have
1. The identity map G — G is an IM.
2. If 0 : G — H is an IM, then the inverse map o' : H — G is also an IM.
3.Ifc:G— Handt: H— K is an IM, then the composite map 70 : G - K
is an IM.

Thus, we see that = is an equivalence relation on the class of all groups.
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Proposition 3.2
1. The identity map is clearly bijective. Moreover, for any g € G,
id(g-g) =g-g=1d(g) - id(g), so id is a homomorphism. Hence, id is an
isomorphism.

2. Suppose ¢ is an isomorphism. Then o is bijective. So 0! is bijective by a
result from PMATH 351. Now, for a,b € H, we have that

~(a-b) =0 L(a(c) - o(d)) (for some c¢,d € G,since o is bijective)
=0"1(o(c-d)) (since o is a homomorphism)
=c-d
=o0"'(a)-071(b) (since a=o0(c)=c=0""(a)and
b=o(d)=d=0o"1(b))

1

Therefore, 0~ is a homomorphism. Hence, 0~ is an isomorphism.

3. Suppose ¢ and 7 are isomorphisms. Then they are bijections, so 70 is a
bijection by a result from PMATH 351. Now, for a, b € G, we have that

(ro)(a-b) =7(c(a-b))
=7(o(a)-
=7(o(a)

o)

o(b))  (Since o is a homorphism)

) - 7(o(b)) (Since 7 is a homorphism)

So 70 is a homomorphism. Hence, 7o is an isomorphism.

Let Rt = {r e R,r > 0}.

Claim: (R, +) = (RY, )

Proof: Define o : (R, +) — (R*,-) by o(r) = €, where e is the exponential
function. Note that the exponential map from R to R* is bijective. Also, for

r,s € R,wehaveo(r+s) =€ =¢e"-e°* =0(r) - o(s).Sooisa
homomorphism. Thus, ¢ is isomorphism. O
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Claim: (Q, +) is not isomorphic to (Q*, -).
Proof: Suppose 7 : (Q,+) — (Q*,-) is an isomorphism. Thus, 7 is surjective. So
there exists ¢ € Q such that 7(q) = 2. Write 7(4) = a € Q* C Q. Since 7 is a HM,

we have
o < (B)(E) (3 <o

which contradicts the fact that a € Q. Thus, such a 7 does not exist and hence

(@7+) e (Q*v) O

3.2 Cosets and Lagrange’s Theorem

Let H be a subgroup of a group G. If a € G, we define Ha = {ha | h € H} to be
the right coset of H generated by a. Similarly, we define aH = {ah | h € H} to be
the left coset of H generated by a. Since 1 € H, we have H1 = H = 1H and

a € Haand a € aH.

Note that in general, Ha and aH are not subgroups of G and aH # Ha. However,
if G is abelian, then Ha = aH.

Let K, = {1,a,b,ab} with a®> = 1 = b? and ab = ba. Let H = {1, a}, which is a
subgroup of K. Note that since K, is abelian, we have gH = Hg Vg € K,. Then
the right or left cosets of H are

Hl={l,a} =1H
and
Hb = {b,ab} = Hab

Thus, there are exactly two cosets of H in K.
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Let S5 = {¢,0,02,7,70,70%} witho® = e = 72 and 070 = 7. Let H = {¢,7}

1 = 762, the right cosets of H are

which is a subgroup of Ss. Since o7 = 70~
He={e, 7} =Hr
Ho ={o,70} = Hro
Ho? = {0?,70%} = Hro?
Also, the left cosets of H are
eH ={e, 7} =7H
ocH = {E,T(TQ} =710’H
o’H = {02, TO, TO'H}

Note that Ho # o H and Ho? # 0*H

Proposition 3.3

Let H be a subgroup of a group G and let a,b € G. Then
1. Ha = Hbiff ab~! € H.In particular, we have Ha = H iff a € H (taking
b=1).
2. Ifa € Hb, then Ha = Hb.
3. Either Ha = Hb or Ha N Hb = . Thus, the distinct right cosets of H form a
partition of G.

Proof:
1. (=)If Ha = Hb,then a = la € Ha = Hb. Thus, a = hb for some h € H and we
have ab™! = h € H.
(<) Suppose ab~! € H. Then forall h € H,

ha = (ha)(b~b) = h(ab~')b € Hb

Thus Ha C Hb. Note that if ab~! € H, since H is a subgroup, then
(ab=)"' =ba~! € H. Thus forall h € H, hb = h(ba~')a € Ha. Thus Hb C Ha.Tt
follows that Ha = Hb.
2. Ifa € Hb, then ab~! € H. Thus by (1), we have Ha = Hb. Two cases:
a. If HaN Hb = &, then we are done.
b. If Ha N Hb # ¢, then there exists ¢ € Ha N Hb. Since x € Ha, by (2), we
have Hz = Ha. Since z € Hb, by (2), we have Hb = Hz. Thus
Ha = Hz = Hb.
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Remark

The analog of Proposition 3.3 also holds for left cosets. For (1), we have aH = bH
iff b~'a € H.

Let G be a group and H C G be a subset of G. For a,b € G, do we still have
Ha = Hb, or HaN Hb = @ if H is not a subgroup of G?

By Proposition 3.3, we see that G' can be written as a disjoint union of right cosets
of H. We define the index [G : H] to be the number of disjoint right (or left) cosets
of H in G (note that [G : H] could be infinite).

Theorem 3.4 Langrange’s Theorem

Let H be a subgroup of a finite group G. We have |H| | |G| and [G : H] = %
Proof: Write k = |[G : H]| and let Ha,, Ha,, ...Ha,, be the distinct right cosets of H in
G. By Proposition 3.3, we have G = Ha; U Ha, U ... U Hay, is a disjoint union. Since
|Ha;| = |H| for each i, we have |G| = |Ha;| + |Hay| + ... + |Hay| = k |H|. It follows
that |H| | |G| and

(G:H]=k=|G|||H]|

0
Corollary 3.5
1. If G is a finite group and g € G, then o(g) | |G]|.
2. If G is a finite group with |G| = n, then for all g € G, we have g" = 1.
Proof:
1. Take H = (g) in Theorem 3.4. Note that |H| = o(g).
2. Let o(g) = m. Then by (1), we have m | n. Thus g" = (g™)™ = 1= = 1.
0
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For n € N with n > 2, let Z, be the set of (multiplicatively) invertible elements in
Z,,. Let the Euler’s ¢ function, p(n), denote the order of Z?, ie:

o(n) =#{[k| €Z, : k€ {0,1,..n—1} Aged(k,n) = 1}. As a direct consequence
of Corollary 3.5, we see that if a € Z with ged(a, n) = 1, then ™ = 1(mod n).
This is Eurler’s Theorem. If n = p, a prime number, then Eulers then implies

aP~! = 1(mod p), which is Fermat’s Little Theorem from MATH 135.

Recall
If|G|=2,G=C,yand |G| =3,G = C;.

Corollary 3.6

If G is a group with |G| = p, a prime, then G = C,, the cyclic group of order p.

Proof: Let g € G with g # 1. Then by Corollary 3.5, we have o(g) | p. Since g # 1 and p is
prime, we have o(g) = p. By Prop 2.6 (TODO), we have |{g)| = o(g) = p. It follows that
G={(g9)=C,. O

P
Corollary 3.7
Let H and K be finite subgroups of a group G. If gcd(|H|, |K|) = 1, then
HnK ={1}.

Proof: By Proposition 2.2, H N K is a subgroup of H and K. By Theorem 3.4, we have
|[HNK]| | |H|and |[H N K | |K|. It follows that |H N K| | gcd(|H|, |K|), ie: |[H N K| | 1.
Thus H N K = {1}. O

3.3 Normal Subgroups

Let H be a subgroup of a group G. If gH = Hg for all g € G, we say H is normal,
denoted by H < G.

We have {1} <G and G < G.

The center Z(G) of G, Z(G) = {z € G, zg = gz Vg € G} is an abelian subgroup of
G. By its definition, Z(G) < G. Thus, every subgroup of Z(G) is normal in G.
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If G is an abelian group, then every subgroup of G is normal in G. The converse is
false (see the quarternion group Qg in A3).

Proposition 3.8 Normality Test

Let H be a subgroup of a group G. The following are equivalent:
1. HaG
2. gHg™' C H forall g € G. We call gHg ™! a conjugate of H.
3. gHg™! = H forall g € G (thus H <1 G iff H is the only conjugate of H)

Proof:

(1) = (2) Let ghg™! € gHg ™! for some h € H. Then by (1), gh € gH = Hg, say
gh = h,g for some h; € H.Then ghg™! = hygg ' =h € H.

(2) = (3)If g € G, then by (2), gHg™! C H. Taking g~ in place of g in (2), we get
g 'Hg C H. This implies that H C gHg '. Thus H = gHg ™.

(3) = (1)IfgHg ' = H, thengH = Hg.

Let G = GL,(R)and H = SL,(R).For A € G and B € H, we have

1
" det(A)

det(ABA™!) = det(A) det(B) det(A™!) = det(A4) - 1 =1

Thus ABA™! € H and it follows taht AHA™! C HV A € G. By the normality test,
H<G.

Proposition 3.9
If H is a subgroup of a group G with [G : H] = 2, then H < G.
Proof:Letg € G.1f g€ H,then Hg= H = gH.If g ¢ H, since |G = H| = 2, then

G = H U Hyg, a disjoint union. Then Hg = G \ H. Similarly, gH = G \ H. Thus
gH = Hgforallg € G,ie: H < G.

Let A,, be the alternating group contained in A,,. Since [S,, = A,,] = 2, by Prop 3.9,
we have 4, < S,,.

Let Dy, = <a, b|la®=1=0b%Aaba= b) be the dihedral group of order 2n. Since
[D,,, = {(a)] = 2, by Prop 3.9, (a) <1 D,,,.
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Recall

Let H and K be subgroups of a group G. The intersection H N K be the largest
subgroup of G contained in both H and K.

Note

What is the smallest subgroup containing H and K?

H U K is the smallest subset containing H and K, but H U K is a subgroup of G if
and only if H C K or K C H by A2.

A more useful subset to consider is the product HK of H and K defined as follows:
HK = {hk | h € H,k € K}. But HK is not always a subgroup of G.

Let H and K be subgroups of a group G. The following are equivalent:
1. HK is a subgroup of G.
2. HK = KH.
3. K H is a subgroup of G.

Proof: We will prove (1) < (2). Then (2) < (3) follows by interchanging H and K.

(2) = (1) Wehavel =1-1 € HK. Also, if hk € HK, then

(hk)"' =k 'h~! € KH = HK. Also, for h, k, hy,k; € HK, we have

kh, € KH = HK, say kh; = hyk,. It follows that

(hk)(hqiky) = h(khq)k; = h(hyky)ky = (hhy)(kyk,) € HK. By the subgroup test, HK
is a subgroup of G.

(1) = (2) Let kh € KH with k € K and h € H. Since H and K are subgroups of G, we
have h~! € H and k~! € K. Since HK is a subgroup of G, we have

kh = (hflkfl)f1 € HK.Thus KH C HK. Similarly, one can show that HK C KH.

Proposition 3.11

Let H and K be subgroups of a group G.
1. If H < Gor K <G, then KH = HK is a subgroup of G.
2. IfH <Gand K < G, then HK < G.

Proof: (1) Suppose H < G. Then
HK= U Hk= U kH=KH
keK keK
By Lemma 3.10, HK = K H is a subgroup of G.

(2)If g € Gand hk € HK, since H < G and K < G, we have
g (hk)g = (g7 hg)(g71kg) € HK.Thus g ' HKg C HK and HK < G. O
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Let H be a subgroup of a group G. The normalizer of H, denoted by N (H) is
defined to be N (H) = {g € G : gH = Hg}. We see that H < G if and only if
Ng(H) =G.

Note

In the proof of Proposition 3.11, we do not need the full assumption that H <1 G.
We only need kH = Hk forall k € K, ie: k € N (H). Thus, we have the following
corollary:

Corollary 3.12

Let H and K be subgroups of a group G.If K C N (H) (or H C Ng(K)), then
HK = KH is a subgroup of G.

Theorem 3.13

If H < Gand K < G satisfty HN K = {1}, then HK =~ H x K.

Proof:

Claim:If H < G and K < G satisfy H N K = {1}, then hk = kh forall h € H and

ke K.

Proof of claim: Consider z = hk(kh)™! = hkh~*k~!. Note that kh~'k~! € kHk™! = H
(since H <1 G). Thus z = h(khflk) € H. Similarly, since hkh™! € hKh™! = K, we have
T = (hkifl)lf1 € K.Sincex € HN K = {1}, we have hkh ™'k~ = 1,ie: hk = kh. [

Since H <1 G, by Proposition 3.11, we have that HK < G.Define o : H x K — HK by
o((h,k)) = hk.

Let (h, k) € H x K. By the claim, we have h,k = kh;. Thus,

o((h,k) - (hy,ky)) = o((hhy, kky)) = hh kk, = hkhky = o((h,k))o((hy,k;)). Thus o
is a homomorphism. Note that by the definition of H K, o is surjective. Also, if

a((h,k)) = a((hy,k;)), we have hk = h k;. Thus hy'h = k k™! € HN K = {1}. Thus
hi'h =1=kk™ !, ie: h; = hand k; = k. Thus o is injective. Thus, ¢ is an isomorphism
and we have HK =~ H x K.

O

Corollary 3.14

Let G be a finite group and let H and K be normal subgroups such that
HNK ={1}and |H| |K| =|G|. Then G~ H x K.
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Let m,n € N with gcd(m,n) = 1. Let G be a cyclic group of order mn. Write

G = (a) with o(a) = mn. Let H = (a™) and K = (a™). Thus |H| = 0(a") = m
and |K| = o(a™) = n. It follows that |H| - |K| = mn = |G|. Since gcd(m,n) = 1.
By corollary 3.2.8 (TODO), H N K = {1}. Also, since G is cyclic and thus abelian,
we have H <1 G and K < G. Thus, by Corollary 3.14, we have G = H x K, ie:
C,.. =2 C, . xC,. Hence to consider finite cyclic group, it suffices to consider cyclic
groups of prime power order.

4 Isomorphism Theorems

4.1 Quotient Groups

Let K be a subgroup of a group G. Consider the set of right cosets of K, ie:
{Ka : a € G}. To make it a group, a natural way is to define

Ka-Kb=K - (ab) Va,b € G (x)

Note that we could have Ka = Ka, and Kb = Kb, with a # a; and b # b;. Thus,
in order for (*) to make sense, a necessary condition is

Ka=KaANKb= Kb = Kab= Kab,

In this case, we say that the multiplication KaKb = Kab is well-defined.

Let K be a subgroup of a group G. The following are equivalent:
1. K<G
2. For a,b € G, the multiplication KaKb = Kab is well-defined.

Proof: (1) = (2) Let Ka = Ka; and Kb = Kb,. Thus aay! € K and bb~! € K. To get
Kab = Ka,b,, we need ab(a,b;) " € K. Note that since K <I G, we have aKa™! = K.
Thus ab(a,b;) ™" = abbi ;' = (abby'a™")(aa;?) € K. Thus Kab = Ka,b,.

(2) = (1) Ifa € G, to show K < G, we need aka™! € K forallk € K. Since Ka = Ka
and Kk = K1, by (2), we have Kak = Kal, ie: Kak = Ka. It follows that aka™! € K.
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Proposition 4.2

Let K < G and write G/K = {Ka : a € G} for the set of all cosets of K
1. G/K is a group under the operation Ka x Kb = Kab.
2. The mapping ¢ : G — G/K given by p(a) = Ka is a surjective

homomorphism.
3. If [G = K] is finite, then |G/K| = [G = K]. In particular, if |G| is finite, then
|G|
IG/K| ==
K|

Proof:
1. By Lemma 4.1, the operation is well-defined and G/K is closed under operation. The
identity of G/K is K - 1 = K. Also, the inverse of Ka is Ka™'. Finally, by the
associativity of G, we have

Ka(KbKc) = (KaKb)(Kc)

It follows that G/ K is a group.
2. @ is clearly surjective. Also, for a,b € G, we have
o(a)p(b) = KaKb = Kab = ¢(ab). Thus ¢ is a surjective homomorphism.
3. If [G = K] is finite, by the definition of index, |G/ K| = [G = K]. Also if |G/ is finite,

G/K|=[G=K]=1{%

by Lagrange Theorem,
|

Let K < G. The group G/K of all cosets of K in G is called the “quotient group of
G by K”. Also, the mapping ¢ : G — G/K given by p(a) = Ka is called the coset
map.

List all normal subgroups of D, and all quotient groups of D,,/K.
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4.2 Isomorphism Theorems

Let o : G — H be a group homomorphism. The kernal of a is defined by
Kera={geG:a(g) =13} CG
and the image of alpha is defined by
img a=a(G)={a(g): g€ G} C H

Proposition 4.3

Let o : G — H be a group homomorphism. Then
1. img « is a subgroup of H.
2. ker « is a normal subgroup of G.

Proof:
1. Note that 15 = a(1g) € a(G). Also, for hy = a(g,), hy = a(gy) € a(G), we have

hihy = a(g1)a(gs) = a(g192) € a(G)

Also, by Prop 3.1, a(g) ™" = a(g™*) € a(G). By the subgroup test, a(G) is a
subgroup of G.

2. For Ker «, note that a(15) = 1. Also, for k;, k, € Ker a, then
a(k ky) = a(k)a(ky) =1-1=1and a(ki') = a(k;) " = 17! = 1. By the
subgroup test, Ker « is a subgroup of G. Note that if g € G and k € Ker ¢, then
a(gkg™) = a(g)a(k)a(g™) = a(g) - 1- a(g)™" = 1. Thus g(Ker a)g~! C Ker(a).
By the normality test, Ker a < G.

0

Consider the determinant map det : GL,, (R) — R* defined by A — det(A). Then
ker(det) = SL, (R). Thus SL,,(R) <« GL,R. This is an alternative proof of this
fact.

Define the sign of a permutation o € S,, by

(0) = 1if o is even
S8M9) =\ 1 if o is odd

Note that sgn : S,, — (£1, ) defined by o - sgn(o) is a homomorphism. Also,
ker(sgn) = A,,. Thus we have another proof that A, < S,,.
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Theorem 4.4 First Isomorphism Theorem
Let a : G — H be a group homomorphism. We have

G/ker(a) = img o

Proof: Let K = ker(a). Since K < G, G/K is a group. Define the group map
a:G/K —img o
by @(Kg) = a(g) for all Kg € G/K. Note that
Kg=Kg < gg1' € K < a(gg!) =1 alg) = alg)

Thus @ is well-defined (forward direction) and injective (backward direction). Also, @ is
clearly surjective. For g, h € G, we have

a(KgKh) =a(Kgh) = a(gh) = a(g)a(h) = a(Kg)a(Kh). Thus @ is a group
isomorphism and we have G/ ker(a) = img «. O

Note

Let @ : G — H be a group homomorphism and K = ker(a). Let ¢ : G — G/K be
the coset map and let @ be defined as in the proof of Theorem 4.4. We have the
following diagram.

«
G —— H

a
¥

G/K
Note that for g € G, we have @(¢p(g)) = @(Kg) = a(g). Thus @ = @ o . On the
other hand, if we have a = @, then the action of @ is determined by o and ¢ as
a(Kg) =a(e(g9)) = ap(g) = a(g). Thus @ is the only homomorphism G/K — H
satisfying ap = a.

Proposition 4.5

Let o : G — H be a group homomorphism and K = ker a. Then « factors
uniquely as a = ap where ¢ : G — G/K is the coset map and @ : G/K — H is
defined by @(K g) = a(g). Note that ¢ is surjective and @ is injective.
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We have seen that (Z,+) = (£1) and for n € N, (Z,,, +) = ([1]) are cyclic groups.
In the following, we will show that they indeed are all cyclic groups. Let G = (g) be
a cyclic group. Consider a : (Z,+) — G defined by a(k) = g* for all k € Z, which
is a group homomorphism. By the definition of (g), « is surjective. Note that
ker a={keZ: gk = 1}. Two cases:
1. If o(g) = oo, then ker o = {0}. By the First Isomorphism Theorem, we have
G=Z/(0)=Z
2. If o(g) = n, then by an old prop, ker @ = nZ. By the first isomorphism
theorem, G = Z/nZ = Z,,.

By (1) and (2), we conclude that if G is cyclic, then G = Z or G = Z,,.

Theorem 4.6 Second Isomorphism Theorem

Let H and K be subgroups of a group G with K <1 G. Then HK is a subgroup of
G, KHK,HNK<Hand HK/K =~ H/HNK.

Proof: Since K <1 G, by Proposition 3.11, HK is a subgroup of G and HK = KH.
Furthermore, we need to show that K <t H K. This is equivalent to proving that for any

h € H,k € K, we have that (hk)K (hk)~™! C K.Let k¥’ € K be arbitrary. Then

(hk)K' (hk)™ = h(kk'k™ ')A~ € hKh™' = K, sinceh € H C Gand K < G.

Now, consider o : H — HK /K defined by a(h) = Kh (note that h € H C HK). Then «
is a homomorphism because if h;, hy € H, then since the coset product is well-defined on
HK /K (by Lemma 4.1), we have that

a(hihy) = K(h hy) = (Khy)(Khy) = a(hy)a(hy). Also, ift € HK = KH, say

x = kh, then

Kz = K(kh) = Kh = a(h)

Thus, « is surjective. Finally, by Proposition 4.3,
ker(a)={h€e H: Kh=K}={h€ H:he K} = HNK with HN K < H. By
Theorem 4.4, we have

H/HNK =2HK/K
O
Theorem 4.7 Third Isomorphism Theorem
Let K C H C G be groups with K << G and H < G. Then H/K < G/K and
(G/K)/(H/K) = G/H

Proof:Define o : G/K — G/H by a(Kg) = Hg for all g € G. Note that if Kg = Kg,,
then gg7! € K C H. Thus Hg = Hg, and « is well-defined. Clearly, « is surjective. Note
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that Ker « = {Kg: Hg= H} ={Kg: g € H} = H/K. By the First Isomorphism
Theorem,

(G/K)/(H/K) = G/H

O
5 Group Actions
5.1 Cayley’s Theorem
Theorem 5.1 Cayley’s Theorem

If G is a finite group of order n, then G is isomorphic to a subgroup of .S,,.

Proof:Let G = {g,, ..., g, } and let S be the permutation group of G. By identifying g,
with 4 (1 < ¢ < n), we see that S = S,,. Then it suffices to find an injective
homomorphism o : G — S. For a € G, define p1, : G — G by p,(g9) = agforallg € G.
Note that ag = ag, implies g = g; and a(a™'g) = g. Hence, p, is a bijection, so u, € Sg.
Define 0 : G — S by o(a) = p,.Fora,b € G, we have p,p;, = 1, S0 0 is a
homomorphism. Also, if u, = p, then a = p, (1) = p, (1) = b. Thus o is an injective
homomorphism. By the First Isomorphism Theorem, we have G = img ¢, a subgroup of
Sa=8S,. O

Let H be a subgroup of a group G with [G : H] = m < 0. Let

X ={g:H,9,H, ..., g,, H} be the set of all distinct left cosets of H in G. For a € G,
define A\, : X — X by \,(gH) = agH for all gH € X. Note that agH = ag, H
implies that gH = g, H and a(a"'gH) = gH. Hence ), is a bijection and thus

A, € Sx.Consider 7 : G — Sy defined by 7(a) = A,. For a,b € G, we have

Aagb = A Ay and thus 7 is a homomorphism. Note that if a € ker(7), then A, is the
identity permutation. In particular, aH = A, (H) = H. In particular, a € H. Thus
kert C H.

Theorem 5.2 Extended Cayley Theorem

Let H be a subgroup of a group G with [G : H| = m < oo. If G has no normal
subgroup contained in H except for {1}, then G is isomorphic to a subgroup of S,,.

Proof: Let X be the set of all distinct left cosets of H in G. We have | X| = m and

Sx = S,,. We have seen from the above example that there exists a group homomorphism
7: G — Sy with K = ker(7) C H. By the First Isomorphism Theorem, we have

G/K = im(7).Since K C H and K < G, by the assumption. We have K = {1}. It
follows that G = im(7), a subgroup of Sy = S, .. O

PMATH 347 34



PMATH 347 Group Actions

Corollary 5.3

Let G be a finite group and p be the smallest prime dividing |G|. If H is a subgroup
of Gwith [G: H] =p,then H < G.

Proof: Let X be the set of all distinct left cosets of H in G. We have | X| = p and Sx = S,,.
Let7: G — Sx = S, be the group homomorphism defined in the above example with

K :=ker(r) C H. By the First Isomorphism Theorem, we have G/K = im(7) C S,,. Thus
G/K is isomorphic to a subgroup of S,,. By Lagrange’s Theorem, we have |G/K]| | p!.
Also, since K C H,if [H : K| = k, then |G/K| = %% = pk. Thus pk | p! and hence

k| (p—1)!. Since k | |H|, which divides |G| and p is the smallest prime dividing |G|, we
see that every prime divisor of k must be > p unless £ = 1. Combining this with

k| (p — 1)\, this forces k = 1, which implies K = H. Thus H < G. O

5.2 Group Actions

Let G be a group and X be a non-empty set. A (left) group action is a mapping
G x X — X, denoted (a,z) - a - z such that

1. 1-z=cforallz € X.

2.a-(b-x)=(ab) -zforalla,b € Gandz € X.

In this case, we say G acts on X.

Remark

Let G be a group acting on a set X # @. Fora,b € G and z,y € X, by (1) and (2),
we have a -z =b-yifand only if (b™'a) -z = y.
In particular, we have a -z = a -y ifand only if x = y.

If G is a group, let G act on itself, ie. X = G, by a -z = axa~lforalla,z € G.
Note that

1. 1.z=1z1"l=¢

2. a(b-z) =a(bzb ')a™ = (ab)z(ab)™! = (ab) - x

In this case, we say G acts on itself by conjugation.
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Remark

Fora € G, defineo, : X - X by o,(z) =a -z forall z € X. Then one can show
(see A5) that
1. o, € Sx, the permutation group of X.
2. The function © : G — Sy given by O(a) = o0, is a group homomorphism
with ker(©) = {a € G: ax = z for all x € X}.

Note

Note that the group homomorphism © : G — Sy gives an equivalent definition of a
group action of G on X.If X = G with |G| = n and ker(0) = 1, the map

O : G — §,, shows that G is isomorphic to a subgroup of S,,, which is Cayley’s
Theorem. Thus, the notion of group action can be viewed as a generalization of the

proof of Cayley’s Theorem.

Let G be a group acting on a non-empty set X # @ and z € X. We denote by
G zrz={g-z:9eG}CX
the orbit of x and
Sz)={geG:g-z=2} CG

the stabilizer of z.

Proposition 5.4

Let G be a group acting on a non-empty set X and z € X. Let G - x and S(z) be
the orbit and stabilizer of z, respectively. Then
1. S(z) is a subgroup of G.
2. There exists a bijection from G - z to {gS(z) : g € G} and thus
|G- z| =[G : S(z)].

Proof:
1. Since 1 -z = z, we have 1 € S(x). Also, if g, h € S(z), then
(gh)z = g(hz) =gz =z and g'z = g (gz) = (¢g'g)z = 1z = z. Thus
gh,g~! € S(z). By the Subgroup Test, S(z) is a subgroup of G.
2. Consider themap ¢ : G-z — {gS(z) : g € G} defined by ¢(g - z) = gS(z). Note
thatg-z=h-z< (hlg) -z =z h'ge S(z) & hS(z) = gS(z). Thus p is
well-defined and injective. Since ¢ is clearly surjective, ¢ is a bijection. It follows that

G -a| = {gS(z) : g € G} = [G : S(a)]
O
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Theorem 5.5 Orbit Decomposition Theorem
Let G be a group acting on a finite set X # &. Let
X;={reX:a-x=zVacG}

Note thatz € X; & |G- x| = 1.Let G - x1,G - 25,G - z3, ..., G - z,, denote the
distinct non-singleton orbits (ie: |G - ;| > 1). Then |X| = | X| + E?ZI[G : S(z;)]

Proof: Note that for a,b € Gand z,y € X,

a-x=b-y< (b7la) - z=y<y€ G -+ G y= G-z Thus two orbits are
either disjoint or the same. It follows that the orbits form a disjoint union of X. Since

z € Xy ifand only if |G - z| = 1, the set X \ X contains all non-singleton orbits, which
are disjoint. Thus by Proposition 5.4, we have

IX| =X+ [ X\ Xf| = |X; |+ DIG 2| = | X4 + D [G : S(z,)]
=1 i=1

Let G be a group acting on itself by conjugation, ie: g - = gzg~'. Then
Gi={reG:geg' =2 Vge G} ={x € G:gx=uxg Vg € G} which is
exactly the center of G, ie: G; = Z(G). Also, for z € G,

S(z)={g€G:gzg~t =z} ={g € G: gz = zg}. This set is called the
centralizer of « and is denoted by S(z) = Cg/(z). Finally, in this case, the orbit
G-z ={gzg~': g € G} is called the conjugacy class of x. By Theorem 5.5, we get
the following corollary:

Corollary 5.6 Class Equation

Let G be a finite group and let {gz,g7' : g € G}, ..., {gz,97" : g € G} denote the
distinct non-singleton conjugacy classes. Then |G| = | Z(G)| + Z:ZI[G’ : Ca(z;)]

Let p be a prime and m € N. Let G be a group of order p™ acting on a finite set
X # @. Let X, be defined as in Theorem 5.5. Then we have

|X| = |X| modp
Proof: By Theorem 5.5, we have | X| = |Xf‘ + E?zl[G = S(z;)] with

[G=S5(z;)]>1(1<i<n).Since [G = S(z;)] divides |G| = p™ and [G = S(z;)] > 1,
we have p | [G = S(z;)] for all i. It follows that | X| = ‘Xf| mod p. O
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Theorem 5.8 Cauchy’s Theorem

Let p be a prime and G a finite group. If p | |G/, then G contains an element of order

D.

Proof: Define X = {(a,, ..., ap) ta; € G and ay...a, = 1}. Since a,
determined by a,, ..., a,,_,, if |G| = n, we have | X| = n?~!. Since p | n, we have

|X| = 0mod p. Let the group Z, = (Z,, +) act on X by “cycling”, ie: for k € Z,,

k- (al, . ap) = (akH, vy Gy s ey ak). One can verify that this action is well-defined
(Exercise). Let X, be defined as in Theorem 5.5. Then (al, ey ap) € Xy iff

a; = ay = ... = a,. Clearly, (1,...,1) € X and hence | X;| > 1. Since |Z, | = p, by
Lemma 5.7, we have ‘Xf’ = |X| = 0mod p. Since |Xf‘ = Omod p and ’Xf| >1,it
follows that ’Xf‘ > p. Therefore, there exists a # 1 such that (a, ...,a) € X, which
implies that a? = 1. Since p is a prime and a # 1, the order of a is p. O

is uniquely

6 Sylow Theorems
6.1 p-Groups

Let p be a prime. A group in which every element has order of a non-negative
power of p is called a p-group.

Corollary 6.1 of Cauchy’s Theorem

A finite group G is a p-group if and only if |G| is a power of p.

Proof: (=) If G is a finite p-group, then by Lagrange’s Theorem, since the cyclic
subgroups generated by the elments of G all have size of non-negative powers of p, then
p* | |G| for some k > 0. However, since G contains no elements of order p, for any other
prime p; # p, then p; } |G| by the contrapositive of Cauchy’s Theorem. This implies that

|G| has no prime divisors besides p. Hence, |G| is a power of p.
(<) If |G| is a power of p, then by Lagrange’s Theorem, the sizes of all of its subgroups
are too. In particular, the sizes of the cyclic subgroups in G are powers of p, so every

element has order of a non-negative power of p. Hence, G is a p-group. O

The center Z(G) of a non-trivial finite p-group G contains more than one element.

Proof: The class equation of G (Corollary 5.6) says that

m

Gl =12(G)| +)_[G = Cg(x))]

i=1
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where [G : Cg(z;)] > 1. Since G is a p-group, by Corollary 6.1, p | |G|. By Lemma 5.7,

|Z(G)| = |G| = 0mod p. It follows that p | |Z(G)|. Since 1 € Z(G) and | Z(G)| > 1,

Z(G) has at least p elements. O
Recall

If H is a subgroup of a group G, then N (H) = {g € G : gHg™' = H} is the
normalizer of H in G. In particular, H < N (H).

If H is a p-subgroup of a finite group G, then [N (H) : H| = [G : H] mod p.
Proof: Let X be the set of all left cosets of H in G. Hence | X| = [G : H]. Let H act on X
by left multiplication. Then for z € G, we have
zH € X; < hzH =xzH Vhe H

= ¢ 'hH=HVheH
< s 'Hz=H
< 1z € Ng(H)

Thus | X ;| is the number of cosets of 2 H with z € N (H) and hence

|X;| = [Ng(H) : H]. By Lemma 5.7, [N (H) : H] = |X;| = |X| =[G : H|mod p. O
Corollary 6.4
Let H be a p-subgroup of a finite group G.If p | [G : H], thenp | [Ng(H) : H| and
No(H) # H.

Proof: Since p | [G : H], by Lemma 6.3, we have [N (H) : H| = [G : H] = 0mod p. Since

p|[Ng(H): H]and [Ng(H) : H| > 1, we have [Ny (H) : H] > p. Thus No(H) + H. (]

6.2 Sylow’s Three Theorems

Recall

Cauchy’s Theorem states thatif p | |G
Thus |(a)| = p. The following first Sylow Theorem can be viewed as a
generalization of Cauchy’s Theorem.

, then G contains an element a of order p.

Theorem 6.5 1st Sylow Theorem

Let G be a group of order p™m, where p is a prime, n > 1 and ged(p, m) = 1. Then

G contains a subgroup of order p for all 1 < i < n. Moreover, every subgroup of G
i+1

of order p’ (i < n) is normal in some subgroup of order p
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Proof: We prove this theorem by induction on i. For ¢ = 1, since p | |G|, by Cauchy’s
Theorem, G contains an element a of order p, ie: |(a)| = p. Suppose that the statement
holds for some 1 < i < n. Say H is a subgroup of order p’. Then p | [G : H]. By Corollary
6.4,p | [Ng(H) : H] and [Ny (H) : H| > p. Then by Cauchy’s Theorem, N (H)/H
contains a subgroup of order p. Such a group is of the form H, /H, where H; is a
subgroup of N (H) containing H. Since H <I N (H), we have H < H;. Finally,

|H,| = |H||H,/H| =p'p=p™*". ]

A subgroup P of a group G is said to be a Sylow p-group of G if P is a maximal p-
group of G, ie: if P C H C G with H a p-group, then P = H. As a direct

consequence of Theorem 6.5, we have the following corollary.

Corollary 6.6

Let G be a group of order p™m where p is prime, n > 1 and gcd(p, m) = 1. Let H
be a p-subgroup of G. Then

1. H is a Sylow p-subgroup if and only if | H| = p™.

2. Every conjugate of a Sylow p-group is a Sylow p-subgroup.

3. If there is only one Sylow p-subgroup P, then P < G.

Theorem 6.7 2nd Sylow Theorem

If H is a p-subgroup of a finite group G, and P is any Sylow p-subgroup of G, then
there exists g € G such that H C gPg~!. In particular, any two Sylow p-subgroups

of G are conjugates.

Proof: Let X be the set of all left cosets of P in G, and let H act on X by left
multiplication. By Lemma 5.7, we have | X;| = |X| = [G : PJmodp. Since p } [G : P], we
have ‘Xf’ # 0. Thus, there exists gP € X for some g € G. Note that

gP € X; <> hgP = gP Vhe H
g lhgp=PVhe H
< g lHgCP
< H C gPg!

If H is a Sylow p-subgroup, then |H| = [gHg*|. Thus H = gPg . O

Theorem 6.8 3rd Sylow Theorem

If G is a finite group and p is a prime with p | |G|, then the number of Sylow p-
subgroups of G divides |G| and is of the form kp + 1 for some k in N U {0}.
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Proof: By Theorem 6.7, the number of Sylow p-subgroups of G is the number of
conjugates of any of them, say P. This number is [G : Ng(P)], where

Ng(P) ={g € G : gP = Pg}, which is a divisor of G. Let X be the set of all Sylow p-
subgroups of G, and let P act on X by conjugation. Then @ € X if and only if

gQg ! = Q for all g € P. The latter condition holds if and only if P C N (Q). Both P
and @ are Sylow p-subgroups of G and hence N (Q). Thus, by Corollary 6.6, they are
conjugate in Ng(Q). Since Q <1 Ng(Q), this can only occur if @ = P and X; = {P}. By
Lemma 5.7, | X| = | X;| = 1mod p. Thus |X| = kp + 1 for some k € NU {0}. |

Remark

Suppose that G is a group with |G| = p™m and ged(p, m) = 1. Let n,, be the
number of Sylow p-subgroups of G. By Theorem 6.8, we have n,, | p"m and
n, = 1 mod p. Since p { n,, we have n, | m.

We claim that every group of order 15 is cyclic.

Proof: Let G be a group of order 15 = 3 - 5. Let n, be the number of Sylow p-
subgroups of G. By Theorem 6.8, we have ng | 15 and ng = 1 mod 3. Thus ng = 1.
Similarly, we have ny | 15 and ny = 1 mod 5. Thus ng = 1. It follows that there is
only one Sylow 3-subgroup and one Sylow 5-subgroup of G, say P; and F;,
respectively. Thus P; << G and B; <1 G by Corollary 6.6. Since P N F; is a subgroup
of P, and B, then |B, N B| | |B| and |, N B| | |R]. But |G| = 5! x 3!, where
ged(3,5) = 1 and 3, 5 are both prime, so by Theorem 6.5, G contains a subgroup of
order 3 and of order 5. So | N B;| | 3and |B; N B| | 5. Thus |, N By| = 1 and
P,NB ={1}. Also, |BB| =15 = |G|. Thus G = P, X By, 2 Z3y X Zg = Zy5. [

Construct a cyclic group of order > 100.

PMATH 347 41



PMATH 347 Finite Abelian Groups

We claim that there are two isomorphism classes of group of order 21.

Proof: Let G be a group of order 21. 21 = 3 x 7. Let n,, be the number of Sylow p-
groups of G. By the 3rd Sylow Theorem, we have ns | 7 and ng; = 1 mod 3. Thus
ng € {1, 7}. Also, we have n; | 3 and n, = 1 mod 7. Thus n, = 1. It follows that G
has a unique Sylow 7-subgroup, say P,. Note that P, < G and P, is cyclic, say

p; = (x =27 = 1). Let H be a Sylow 3-subgroup. Since |H| = 3, H is cyclic and
H=(y= Yy = 1). Since p; < G, we have yxy ' = x* for some 0 < i < 6. It
follows that

L o o . .
z=yPzy® =y(yzy )y =yPaly 2 =y(yzty )y =gzt y ! =2t

Since z*° = z and 27 = 1, we have i3 — 1 = Omod 7. Since 0 < i < 6, we have
1=1,2,4.

1. If i = 1, then yzy~! = x, ie: yz = xy. Thus G is an abelian group. Since
P, <G, P, <G, BNP = {1} and |G| = |BP,|, we have
G2PXPB 274 XLy =7Ly,.

2. If i = 2, then yxy~! = 22. Thus
G={zy":0<i<6,0<j<2yry ! =2?}

3. If i = 4, then yxy~! = z*. Note that

Yoy ? = y(yzy )yl = yatyt = 216 = o2,

Note that 42 is also a generator of H. Thus by replacing y by 32, we get back to case
(2). It follows that there are two isomorphism classes of groups of order 21. O
7 Finite Abelian Groups

7.1 Primary Decomposition

Let G be a group and m € Z. We define G'™ = {g € G : g™ = 1}.

Proposition 7.1

Let G be an abelian group. Then G(™ is a subgroup of G.

Proof: We have 1 = 1™ € G™)  Also, if g,h € G™), since G is abelian, we have

(gh)™ = g™h™ =1 and gh € G, Finally, if g € G™), we have

(¢)™ =g ™= (g™) " =1andthus g-' € G"™). By the Subgroup Test, G'™ is a
subgroup of G. 0
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Proposition 7.2

Let G be a finite abelian group with |G| = mk with ged(m, k) = 1. Then
1. G=G™ x G®),
2. |G™| =mand |G®| = k.

Proof:

1. Since G is abelian, we have G(™ < G and G*) <1 G. Also, since ged(m, k) = 1,
there exist ¢,y € Z such that 1 = mz + ky. Now, if g € G™ N G®), then
g™ = 1= g". We have g = g"™*** = (g)%(¢*)” = 171¥ = 1. So
G™ N G® = {1}. Moreover, if g € G, then 1 = g™* = (gm)* = (gk)m. It follows
that g* € G™ and g™ € G*). Thus g = g™*** = (g*)" + (g™)" € GG,
Combining these two facts, by Theorem 3.13, we have G = G(™) x G(*),

2. Write |G™| = m’ and |G| = k. By (1), we have mk = |G| = m’k’. We claim
that ged(m, k') = 1. Suppose for the sake of contradiction that gcd(m, k') # 1. Then
there exists a prime p such that p | m and p | ¥’. By Cauchy’s Theorem, there exists
g € G®) with o(g) = p. Since p | m, we have g™ = (gP)» =1, ie: g € G™). By (1),
we have g € G N G*) = {1}, which gives a contradiction since o(g) = p. Thus
we have ged(m, k') = 1. Note that since m | m’k’ and ged(m, k) = 1, we have
m | m/. Similarly, we have k | k’. Since mk = m/k/, it follows that m = m/ and
k=K.

O

Theorem 7.3 Primary Decomposition Theorem

Let G be a finite abelian group with |G| = p1*...p.*, where p;, ..., p, are distinct
primes and n,, ...,n;, € N. Then we have

1L G GP)™ x . x G

2. |G| = (p)™ (1 <i < k).

Let G = Z}4. Then |G| = 12 = 22 x 3. Note that

G® = {a € Ziy: a® =1} = {1,3,9} (see Piazza)

GW = {a € Z35 : a* = 1} = {1, 5,8, 12} (see Piazza Exercise)
By Theorem 7.3, we have Z5; = {1,5,8,12} x {1, 3,9}.

7.2 Structure Theorem of Finite Abelian Groups

Remark

We have seen that if |G| = p (a prime), G = C,. Also, if |G| = p?, then G =2 Cy2 or
C, x G,
How about abelian groups of order p, p* and p™ for general n € N?
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Proposition 7.4

Let G be a finite abelian p-group that contains only one subgroup of order p, then G
is cyclic. In other words, if a finite abelian p-group is not cyclic, then G has at least
two subgroups of order p.

Proof: Let y € G be of maximal order, ie: o(y) > o(z) for all z € G.

Claim: G = (y).

Proof: Suppose that G # (y). Then the quotient group G/(y) is a non-trivial p-group,

which contains an element z of order p by Cauchy’s Theorem. In particular, z # 1.

Consider the coset map 7 : G — G/(y). Let « € G such that 7w(x) = 2. Since

m(zP) = w(x)P = 2P = 1, we see that P € (y). Thus, 2P = y™ for some m € Z. Two

cases:

1. If p 4 m, since o(y) = p” for some r € N, by Prop 2.11, o(y™) = o(y). Since y is of
maximal order, we have proved that o(2?) < o(z) < o(y) = o(y™) = o(z?), which
is a contradiction.

2. If p | m, then m = pk for some k € Z. Thus we have x? = y™ = yP*. Since G is
abelian, we have ((:wy)*k)][7 = 1. Thus 2y " belongs to the one and only subgroup of
order p, say H. On the other hand, the cyclic group (y) contains a subgroup of order
p, which must be the one and only H. Thus zy~* € (y), which implies that z € (y).
It follows that z = m(x) = 1, a contradiction. By combining the above two cases, we
see that G = (y).

|
0

Proposition 7.5

Let G # {1} be a finite abelian p-group. Let C' be a cyclic subgroup of maximal
order. Then there exists a subgroup B such that G = CBand C N B = {1}.

Proposition 7.6

Let G # {1} be a finite abelian p-group. Then G is isomorphic to a direct product of
cyclic groups.

Proof: By Prop 7.5, there exists a cyclic group C| and a subgroup B; of G such that

G = C| x B,.Since |B,| | |G| by Lagrange’s Theorem, the group B is also a p-group.
Thus, if B; # {1}, by Prop 7.5, there exists a cyclic group C,, and a subgroup B, such that
B —1 = C, x B,. Continue in this way to get cyclic group C, ..., C;, until we get

B, = {1} for some k € N.Then G = C; x ... x G, O
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Remark

One can show that the decomposition of a finite abelian p-group into a direct
product of cyclic groups is unique up to its order.

Theorem 7.7 Structure Theorem of Finite Abelian Groups

If G is a finite abelian group, then G = Z, yn1 X ... X Z;, yni, where

L i = (Z(pi)m7 +) = (p,)m are cyclic groups 2f order p; for 1 < i < k. Note
that p; are not necessarily distinct. The numbers p,* are uniquely determined up to
their order.

Note

If p; and p, are distinct primes, then Cj;, yn1 X Gy, yn2 22 Gy, ym1(p, )2 Thus by
combining suitable coprime factors, together, we get the following theorem:

Theorem 7.8 Invariant Factor Decomposition of Finite Abelian Groups

Let G be a finite abelian group. Then G = Z,, X Z,,, X ... X Z,, , where
n, ENyny > landng [ny | ... | n,.

Let G be an abelian group of order 48. Since 48 = 2* - 3, by Theorem 7.3,

G = H x Z, where H is an abelian group of order 2¢. The options for H are
Liga, Ligs X Loy, Ligz X Ligz, Liga X Lig X Ly and Zy X Ziy X Zg X Zy. Thus we have
G 2 gs X Lg 2 Zipg,G 2 Loz X Ly X Lig = Loy X Ligy, G = ZLgs X Loz X Lg .
ZLgs X Lygy, G 2 Ligs X Ly X Ly X Lg =2 Ly X Ly X Liyg, G =2 Lo X Ly X Lg X
Loy X Ly = iy X Ly X Ly X Lg

There are 5 non-isomorphic groups in total.
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8 Rings
8.1 Rings

A set R is a (unitary) ring if it has two operations, addition + and multiplication -,
such that (R, +) is an abelian group and (R, -) satisfies the closure, associativity
and identity properties of a group, in addition to a distributive law. More precisely,
if R is a ring, then we have
1.a+(b+c)=(a+b)+cforala,be R
2. There exists 0 € R such thata + 0 = a = 0 4 a (0 is called the zero of R) for
alla,b € R
3. There exists —a € R such that a + (—a) = 0 = (—a) + a (where —a is called
the negative of a)
.a+b=b+aforala,beR
ab=a-be Rforalla,be R
. a(be) = (ab)cforalla,b,c € R
. There exists 1 € R suchthata-1=a =1 a (where 1 is called the unity of
R)foralla € R
8. a(b+ ¢) = ab+ ac and (b + c)a = ba + ca (which is the distributive law) for
alla,b,ce R

SRR NIEE RN

The ring is called a commutative ring if it also satisfies
1. ab=ba

Z,Q, R, C are commutative rings with the zero being 0 and the unity being 1.

For n € Nwithn > 2, Z,, is a commutative ring with the zero being [0] and the
unity being [1].

For n € N with n > 2, the set M,,(R) is a ring using matrix addition and matrix
multiplication with the zero being the zero matrix and the unity being the identity
matrix. Note that M,, (R) is not commutative.

Warning

Note that since (R, -) is not a group, there is no left or right cancellation. For
example, in Z, 0 - z = 0 - y does not imply z = y.
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Note

Given a ring R, to distinguish the difference between multiples in addition and in
multiplication, for n € N and a € R, we write na = a + a + ... + a (n times
addition) and a™ = a - a...a (n-times multiplication)

Recall

For a group G and g € G, we have g° = 1,¢' = gand (g_l)_1 = g. Thus, for

addition in R, we have 0 -a = 0,1-a = a and —(—a) = a.

For n € N, we define (—n)a = (—a) + ... + (—a) (n times). Also, we define a® = 1.

1. a, we define

If the multiplicative inverse of a exists, say a™ !, ie:a-a ! =1 =a"
a™™ = (a7')". Also, since (R, +) is an additive group, then by Proposition 1.3, for
n, m € Z, we have
L. (na) + (ma) = (n+m)a
2. n(ma) = (om)a
3. n(a+b) =na+nd

Proposition 8.1

Let Rbe aring and r,s € R. Then
1. If 0 is the zero of R, then Or = 0 = r0 (all 0’s here are the zero of R)
2. (=r)s=r(—s) = —(rs)
3. (=r)(—=s)=rs
4. For any m,n € Z, (mr)(ns) = (mn)(rs)

Proof:
1. If 0 is the zero of R, we have Or = (0 + 0)r = Or + Or, so

Or—0r=(0r+0r)—0r=0r+ (0r —0r) = 0=0r

Similarly, O = rO so Or = 0 = r0, as required.

.0=0s= r))s =rs+ (—r)s, so —(rs) = (—r)s. Similarly,
0=r0= r(s + ( s)) =rs+r(—s),so —(rs) = r(—s). Hence,
(—r)s = r(—s) = —(rs), as required.

3. 0=0(=s) = (r+ (=1))(=s) = 7(=s) + (=7)(=s) = —(rs) + (=) (=s), s0

rs = —(—(rs)) = (—=r)(—s). Hence, (—r)(—s) = rs, as required.
4. (mr)(ns)=|r+r+..+r||[s+s+..+s| = (mn)(rs).

m times n times
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A trivial ring is a ring of only one element. In this case, we have 1 = 0.

Remark

If R is aring with R # {0}, since r = r - 1 for all € R, we have 1 # 0 (otherwise,
r =711 =70 =0DbyProp 8.1 forallr € R).

Let Ry, R,, ..., R,, be rings. We define componentwise operations in the product
Ry x Ry x ... x R, as follows:

1. (11,7, ey Tp) + (815, 8p) = (11 + 81507, + 83,)

2. (ry,7gy ey ) - (81,0 8,) = (P181, -, TnSp)
One can check that R; x ... x R, is a ring with the zero being <0R1, Og,) - ORn)
and the unity being <1R1, ...an) (exercise). This set R; X ... X R is called the
direct product of R, ..., R,.

If R is a ring, we define the characteristic of R, denoted by ch(R), in terms of the
order of 1 in the additive group (R, +):

_ [nifo(lz) =n€Nin (R, +)
eL{i) = {0 if 0(1:) =00 in (R,+)

For k € Z, we write kR = 0 to mean that kr = 0 for all r € R. We have
kr = k(1gr) (since 1zr =r Vr € R)
=(k-1)(1g-7) (since k-1 =k Vk € Z)
= (k-1g)(1-r) (by Prop 8.1(4))
= (klg)r (since 1-r =r Vr € R)
Thus, kR =0 = klz =0 (since 1z € R)and k1l =0 = kr = 0r = 0. So
ER=0<klp=0

Proposition 8.2

Let R be aring and k € Z.
1. If ch(R) = n € N, then kR = O if and only if n | k.
2. If ch(R) = 0, then kR = 0 if and only if k£ = 0.
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Proof:

1. Ifch(R) = n € N, then o(1z) = n. But in a group G with o(g) = n € N for some
g € G, by Proposition 2.7, we have that g* = 1, <= n | k. But (R, +) is a group, so
in particular, k1, =0 <= n | k. But k1 = 0 <= kR = 0, so kR = 0 if and only if
n | k, as required.

2. If ch(R) = 0, then o(14) = co. But in a group G with o(g) = oo for some g € G, by
Proposition 2.8, we have that g¥ = 15 <= k = 0. In particular, k15 = 0 <= k = 0.
Butklp =0 <= kR =0, s0 kR = 0 if and only if k¥ = 0, as required.

O

Each of Z, Q, R, C has characteristic 0. For n € N with n > 2, the ring Z,, has
characteristic n.

8.2 Subrings

A subset S of a ring R is a subring if S is a ring itself with 1 = 15 (with the same
addition and multiplication). Note that properties (2), (5), (7) and (9) of a ring are
automatically satisfied.

To show that S is a subring, it suffices to show
1. 1€ S
2. Ifs,t € S,then s —t and st are all in S.

Note that if (2) holds, then0 =s—s &€ Sand —t=0—t € S.

We have a chain of commutative rings Z C Q C R C C.
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If R is a ring, the center, Z(R) of R is defined to be
Z(R)={z€R:zr=rzVreR}
Note that 1, € Z(R). Also, if s,t, € Z(R), then for r € R,
(s—t)r=sr—tr=r(s—1t)
and
(st)r = s(tr) = s(rt) = (sr)t = (rs)t = r(st)

So Z(R) is a subring of R.

Let Z[i) = {a+bi: a,b € Z Ai* = —1} C C. Then one can show that Z[i] is a
subring of C, called the ring of Gaussian integers.

8.3 Ideals
Note

Let R be a ring and A an additive subgroup of R. Since (R, +) is abelian, we have
A < R. Thus, we have the additive quotient group R/A = {r + A: r € R} with
r+ A= {r+a:a € A}. Using the known properties about cosets and quotient
groups, we have

Proposition 8.3

Let R be a ring and A an additive subgroup of R. For , s € R, we have
l.r+A=s+ Aifandonlyifr —s € A.
2. (r+A)+(s+A)=(r+s)+A
3. 0+ A = A is the additive identity of R/A.
4. —(r + A) = (—r) + A s the additive inverse of r + A.
5 k(r+A)=kr+ Aforallk € Z.
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Note

Since R is a ring, it is natural to ask if we could make R/A to be a ring. A natural
way to define multiplication in R/A is that (r + A)(s + A) = rs + A for all

T,5 € R (*). Note that we couldhaver + A=r; + Aand s + A = s; + A with
r # r; and s # s;. Thus, in order for (*) to make sense, a necessary condition is

r+A=r+Aands+A=s5,+A=rs+A=r5;+A4

In this case, we say the multiplication (r + A)(s + A) is well-defined.

Proposition 8.4
Let A be an additive subgroup of a ring R. For a € A, define
Ra={ra:r € R}
and
aR = {ar:r € R}
The following are equivalent:
1. Ra C AandaR C Aforalla € A

2. For r, s € R, the multiplication (r + A)(s + A) = rs + A is well-defined in
R/A.

Proof:
(1)=(2).fr+A=r,+Aand s + A = s; + A, we need to show that
rs+ A=rys; + A Sincer —r; € Aand s — s; € A, then by (1), we have
rS—T18, =1rSs—1r1S+1r18—17118
=(r—r)s+ri(s—s)
€(r—ry)R+ R(s—sy)
CA

By Prop 8.3, we have rs + A = r;s; + A.

(2) = (1) Let r € Rand a € A. By Prop 8.3 and Prop 8.1, we have
ra+A=(r+A)a+A)=(r+A)0+A)=00+A)=0+A=AThus,rac A
and we have Ra C A. Similarly, we can show aR C A. O

An additive subgroup A of a ring R is an ideal of R if foralla € A, Ra C A and
aR C A. We define an Ideal Test to determine if a subset A C R is an ideal of R:
1. 0 € A
2. Fora,be Aandr € R,wehavea —b € Aandra,ar € A.
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If R is a ring, then {0} and R are ideals of R.

Let R be a commutative ring and @, ..., a,, € R. Consider the set I generated by
Aqy .oy Oy, i T = {aq,...,a,) = {rjay + ...+ 7,4, : 7; € R}. Then one can show
that I is an ideal.

Proposition 8.5

Let A be an ideal of aring R.If 1, € A, then A = R.
Proof: For every r € R, since Ais anidealand 1, € A, we have r = rlp € A. It follows
that R C A C R, and hence R = A. 0O
Proposition 8.6

Let A be an ideal of a ring R. Then the additive quotient group R/ A is a ring with
multiplication

(r+A)(s+A)=rs+A

The unity of R/Ais 1+ A.

Let A be an ideal of a ring R. The ring R/ A is called a quotient ring of R by A.

Let R be a commutative ring and A an ideal of R.If A = aR = {ar : 7 € R} = Ra
for some a € R, we say A is a principal ideal generated by a, and is denoted by

A = (a).

If n € Z, then (n) = nZ is an ideal of Z.

Proposition 8.7

All ideals of Z are of them form (n) for some n € Z.If (n) # {0} and n € N, then
the generator is uniquely determined.

Proof: Let A be an ideal of Z. If A = {0}, then A = (0). Otherwise, choose a € A with
a # 0 and |a| minimum. Clearly, (a) C A. To prove the other inclusion, let b € A. By the
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division algorithm, we have b = ga + r with ¢,7,€ Z and 0 < r < |a|. If r # 0, since A is

an ideal, and a,b € A, we have r = b — ga € A with |r| < |al, a contradiction. Thus, 7 = 0

and b = qa, ie b € (a). It follows that A = (a).

8.4 Isomorphism Theorems

Let R and S be rings. A mapping § : R — S is a ring homomorphism if for all
a,beR

1. 8(a+b) =6(a) + 0(b)

2. 6(ab) = 6(a)d(b)

3. 0(1g) =14

The mapping k + [k] from Z to Z,, is a surjective ring homomorphism.

If R, and R, are rings, the projection 7; : R; X Ry — R, is defined by
7 (1, T9) = 71 is a surjective homomorphism. Similarly, 7, : R; X Ry — R,
defined by my(ry,75) = 15 is also a surjective ring homomorphism.

Proposition 8.8

Let § : R — S be a ring homomorphism and let r € R.
1. 6(0z) =0g
. 0(—r) =—0(r)
. O(kr) = kO(r) forallk € Z
. 0(r™) =0(r)" forallmn € NU {0}
. If a € R* (the set of elements of R which has the multiplicative inverse),
where such a is called a unit of R, then §(u*) = 6(u)" forallk € Z

(L -GN ]

A mapping of aring § : R — S is a ring isomomorphism if § is a homomorphism
and 6 is bijective. In this case, we say R and S are isomorphic, denoted as R = S.

Let 6 : R — S be a bijection of rings with 6(rr’) = 6(r)f(r’) for all r,r’ € R. Write
6(1g) = e. Prove that se = es for all s € S (hence condition (3) for a ring
homomorphism can be omitted in this case).

O
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Let 6 : R — S be a ring homomorphism. The kernel of § is defined by
kerf = {r € R: 6(r) = 0}
and the image of 4 is defined by
imf =0(R)={0(r):re R} C S

Remark

We have seen earlier that ker  and im 6 are additive subgroups of R and S,
respectively.

Proposition 8.9

Let § : R — S be a ring homomorphism. Then
1. im0 is a subring of S.
2. ker 0 is an ideal of R.

Proof:

1. Since im @ = A(R) is an additive subgroup of S, it suffices to show that §(R) is
closed under the multiplication and 14 € 6(R). Note that 14 = 6(15) € 6(R). Also,
if s; = 0(ry) and s, = 0(r), then s;85 = 0(r,)0(ry) = 6(ry7r5) € 6(R). By the
subring test, im 6 is a subring of .S.

2. Since ker 6 is an additive subgroup of R, it suffices to show that ra, ar € ker 0 for all
r € Randa € ker0.If r € R and a € ker 6§, then 0(ra) = 6(r)0(a) = 6(r)0 = 0.
Thus ra € ker 6. Similarly, one can show ar € ker 6. Thus ker 6 is an ideal of R.

O

Theorem 8.10 First Isomorphism Theorem for Rings

Let 6 : R — S be a ring homomorphism. We have R/ ker 6 = im 6.

Proof: Let A = ker 0. Since A is an ideal of R, then R/A is a ring. Define the ring map
0:R/A — im0byf(r+ A) = 0(r) forall 7 + A € R/A. Note that

r+A=s+Aer—scA<0r—s)=0<0(r)=0(s)

Thus @ is well-defined and injective. Also, 8 is clearly surjective. One can show that 6 is a
ring homomorphism (exercise). It follows that @ is a ring isomorphism and
imf =~ R/ ker. |
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Let A and B be two subsets of a ring R. If A and B are both subrings, then A N B is
the largest subring of R contained in both A and B (exercise). To consider the
smallest subring of R containing both A and B (where A and B are not necessarily
rings), we define the sum A + B to be

A+B={a+blac ANbe B}

One can show (see Piazza)

Proposition 8.11

If R is a ring, then we have
1. If A and B are two subrings of R (with1, =15 =1y),then AN Bisa
subring of R.
2. If Ais a subring and B is an ideal of R, then A + B is a subring of R.
3. If A and B are ideals of R, then A + B is an ideal of R.

Theorem 8.12 Second Isomorphism Theorem for Rings

Let A be a subring and B an ideal of a ring R. Then A + B is a subring of R, B is
an ideal of A + B, AN Bis an ideal of A, and (A + B)/B =~ A/(AN B).

Theorem 8.13 Third Isomorphism Theorem for Rings
Let A and B be ideals of a ring R with A C B. Then B/A is an ideal in R/A and
(R/A)/(B/A) = R/B

Corollary 8.14 Correspondence Theorem / Fourth Isomorphism Theorem

Let R be a ring and A be an ideal. There exists a bijection between the set of ideals
B of R that contains A and the set of ideals of R/ A.

Combining the Third Isomorphism Theorem and the fact that all ideals of Z are
principal, all ideals of Z,, are principal.

Theorem 8.15 Chinese Remainder Theorem

Let A and B be ideals of R.
1. fA+B=R,thenR/(ANB) =~ R/A X R/B.
2.IfA+ B=Rand AN B ={0},then R =~ R/A x R/B.
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Proof: (2) is a direct consequence of (1). Thus, it suffices to prove (1). Define

0:R— R/AXx R/Bbyf(r)=(r+ A,r + B) forallr € R. Then 0 is a ring
homomorphism (exercise) with ker(8) = A N B. To show 6 is surjective, let

(s+A,t+ B) € R/A x R/Bwith s,t, € R.Since A+ B = R, then there existsa € A
and b € Bwitha+ b = 1.letr = sb + ta. Then

s—r=s—sb—ta=s(1—b)—ta=sa—ta=(s—t)a

Thus s + A = r + A. Similarly, we have t + B = r + B.But §(r) = (r + A,r + B). Thus
im(#) = R/A x R/B. By the First Isomorphism Theorem, we have

R/(ANB) =~ R/Ax R/B

Note that CRT works on R = Z. Let m,n € N with ged(m,n) = 1. By Bezout’s
Lemma, we have 1 = mr + ns for some r, s € Z. Thus 1 € mZ + nZ and hence
mZ + nZ = Z. Also, since ged(m,n) = 1, we have mZ N nZ = (mn)Z.

Corollary 8.16

1. If m,n € N with gecd(m,n) = 1,then Z,,,, 2 Z,, X Z,,.
2. If m,n € Nwith m,n > 2 and ged(m, n) = 1, then o(mn) = p(m)p(n),
where p(m) = |Z? | is the Euler -function.

Proof:
1. Let R =Z, A = mZ and B = nZ. Then by the above example and by CRT, we have
Z/(mn)Z = Z/mZ x Z/nZ, which is equivalent to Z,,,, = Z,, X Z,,.
2. From (1), we have

(Zopr)* = (Z,, x 7)) = L%, x T,

mn

Since |Z%,| = ¢(m), we have p(mn) = o(m)p(n).

m

Remark

Let m,n € Z with ged(m, n) = 1. For a, b € Z, by Corollary 8.16 and the proof of
Thm 8.15, for [a] € Z,, and [b] € Z,,, there exists a unique [c] € Z,,,,, such that

[c] = [a] in Z,, and [c] = [b] in Z,,. In other words, the simultaneous congruences
z = a(mod m) and z = b(mod n) has a unique solution z = ¢(mod mn), which is
Chinese Remainder Theorem in MATH 135.
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Proposition 8.17

If R is a ring with |R| = p, a prime, then R = Z,.
Proof: Define 0 : Z,, — R by 0[k] = k1p. Note that since R is an additive group and
|R| = p, by Lagrange’s Theorem, o(1z) = 1 or p. Since 15 # 0, we have o(1z) = p. Thus,
k]=[m]<=p|(k—m) <= (k—m)lg =0 < klz = mlg in R. Thus 6 is well-
defined and injective. Since ’Zp’ = p = |R| and 0 is injective, then @ is surjective. Finally,

one can prove that 0 is a ring homomorphism (exercise). It follows that  is a ring
isomorphism and R = Z,. 0

What are the possible rings R with |R| = p? for prime p?

9 Commutative Rings

9.1 Integral Domains and Fields

Let R be a ring. We say u € R is a unit if © has a multiplicative inverse in R,
denoted by u 1. We have uu~! = 1 = u~lu. Note that if u is a unit in R and
r,s € R, we have

Ur =us =>r==:
and
TU=SU=>T=S35§

Let R* be the set of all units in R. One can show (R*,-) is a group (exercise) called
the group of units of R.

Note that 2 is a unit in Q, but not a unit in Z. Note that Q* = Q \ {—1,1} and
Zr = {£1}.

Consider the ring of Gaussian integers Z[i] = {a + bi | a,b € ZAi? =1} C C.
One can show that Z[i]* = {£1, +i}.

Note

Define the norm N (a + bi) = a? + b. Prove that N(zy) = N(z)N(y) and
N(z) = 1if and only if z is a unit.
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Aring R # {0} is a division ring if R* = R \ {0}, ie: every non-zero element of R
is a unit in R. A commutative division ring is a field.

Q, R, C are fields, but Z is not a field.

We recall that the equation [a][z] = [1] in Z,, has a solution if and only if

ged(a,n) = 1. Thus, if n = p is a prime, then ged(a, p) = 1 for all
a€{l1,2,..,p— 1} Thus, Z; = Z, \ {0}. So Z,, is a field. However, if n is not
prime, say n = ab with 1 < a,b < n. Then the non-zero congruence classes [a], [b]
are not units in Z,, as there is no solution for [a][z] = [1] and hence Z}, # Z,, \ {0}.
Thus Z,, is a field if and only if n is prime.

Remark

If R is a division ring or a field, then its only ideals are {0} or R since if A # {0} is
an ideal of R, then 0 # a € A implies that 1 = aa~! € A. By Prop 8.5, A= R. Asa
consequence, if we have a ring homomorphism 6 from a field F' to a ring .S, since
ker 6 is an ideal, ker § = {0} or F. Hence 6 is either injective or a zero map.

Prove that every finite division ring is a field.

Note

For r, s € R, we have s = 0 implies that 7 = 0 or s = 0. This property is useful in
solving equations, say

ifz? —2—-6=0<=(z—3)(z—2)=0=2=3Vz=2

However, this property is not always true. For example, [2][3] = [6][0] in Zg, but

[2] # [0] and [3] # [0].

Solve [(z — 3)(z — 2)] = [0] in Zg.
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Let R # {0} be aring. For 0 # a € R, we say a is a zero divisor if there exists
0 # b such that ab = 0.

In Zg, [2], [3] and [4] are zero divisors since [2][3] = [0] = [4][3].

Note that in M, (R), we have [(1) g] [g g] = [g 8].Thus [(1) g] is a zero divisor.

Proposition 9.1

Given a ring R, for all a, b, ¢ € R, the following are equivalent:
1. Ifab=0in R,thena =0o0r b = 0.
2. Ifab=acin Rand a # 0, then b = c.
3. Ifba = cain Rand a # 0, then b = c.

Proof: We prove (1) <= (2) and the poof of (1) <= (3) is similar.
(1) = (2) Let ab = ac with a # 0. Then a(b — ¢) = 0. By (1), since a # 0, we have
b—c=0,ieb=c.
(2) = (1) Let ab = 0 in R. Two cases:
1. If a = 0, then we are done.
2. If a # 0, then ab = 0 = a0. By (2), since a # 0, we have b = 0.

A commutative ring R # {0} is an integral domain if it has no zero divisor, ie if
ab=0in R,thena=0o0rb = 0.

Z is an integral domain since for a, b € Z, ab = 0 implies that a = 0 or b = 0.

If p is a prime, then p | ab, thenp | a or p | b, ie: [a][b] = [0] in Z,, implies that
[a] = [0] or [b] = [0]. Thus Z,, is an integral domain. However, if n = ab with
1 < a,b < n, then [a][b] = [0] with [a] # [0] and [b] # [0]. Thus Z,, is an integral

domain if and only if n is a prime.
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Proposition 9.2

Every field is an integral domain.

Proof: Let ab = 0 in a field R. We need to show a = 0 or b = 0. Two cases:
1. If a = 0, then we are done.
2. If a # 0, then since R is a field, a € R*, and a~! € R exists. Then
b=1b= (a"'ab) = a7 (ab) = a='0 = 0. Thus R is an integral domain.

|
Remark
1. Using the above proof, one can show that every subring of a field is an integral
domain.
2. The converse of Prop 9.2 is not true. For example, Z is an integral domain, but
not a field.
The Gaussian ring Z][] is an integral domain, but not a field.
Proposition 9.3
Every finite integral domain is a field.
Proof: Let R be a finite integral domain and a € R with a # b. Consider the map
6 : R — R defined by 6(r) = ar. Since R is an integral domain, ar = as and a # 0
implies that r = s. Hence, 0 is injective. Since R is finite, then 6 is also surjective. In
particular, there exists b € R such that ab = 1. Since R is commutative, we have
ab =1 = ba, ie a is a unit. Hence R* = R\ {0} and R is a field. O

Recall

The characteristic of a ring R, denoted by ch(R), is the order of 1 in (R, +). We
write ch(R) = 0if o(lz) = co and ch(R) =nifo(lg) =n € N.

Proposition 9.4

The characteristic of any integral domain is either 0 or a prime p.

Proof: Let R be an integral domain. Two cases:
1. If ch(R) = 0, then we are done.
2. Note that since R # {0}, we have n # 1.If ch(R) = n € N\ {1}, suppose that n is
not prime, say n = ab with 1 < a,b < n.If 1 is the unity of R, then by Prop 8.1, we
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have (a-1)(b-1) = (ab)(1-1) =n -1 = 0. Since R is an integral domain, we have
a-1=0orb-1=0,which leads to a contradiction since o(1) = n. Thus n is prime.

O

Remark
Let R be an integral domain with ch(R) = p, a prime. For a,b € R, we have

p

(a+bP =a? + (zl’)ap—ler et ( l)ab”_l 4P

Since p is a prime, p | (?) forall 1 < i < (p — 1). Since ch(R) = p, we have
(a+b)P = aP + bP.

9.2 Prime Ideals and Maximal Ideals

Recall

Let p be a prime and a, b € Z. We recall in MATH 135 that p | ab implies p | a or
p | b. In other words, if ab € pZ, then a € pZ or b € pZ.

Let R be a commutative ring. An ideal P # R of R is a prime ideal if whenever
r,s € R satisfy rs € P,thenr € Por s € P.

{0} is a prime ideal of Z.

For n € N with n > 2, nZ is a prime ideal of Z if and only if n is a prime.

Proposition 9.5

If R is a commutative ring, then an ideal P of R is a prime ideal if and only if R/P
is an integral domain.

Proof: Since R is a commutative ring, so is R/P. Note that
R/P+{0} <= 0+P+1+P<—=1¢ P P+R

Also, for 7, s € R we have
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P is a prime ideal <= rs € P implies that r € S or s € P
< (r+ P)(s+ P) =0+ P implies that r + P=0+ P
ors+P=0+P
< R/P is an integral domain

Let R be a commutative ring. An ideal M # R of R is a maximal ideal if
whenever A is an ideal such that M C A C R,then A = M or A = R.

Remark

Let M be a maximal ideal of R and r ¢ M. Then M C (r) + M C R. Since
M # (r) + M, we have (r) + M = R.

Proposition 9.6

If R is a commutative ring, then an ideal M of R is a maximal ideal if and only if
R/M is a field.

Proof: Since R is a commutative ring, so is R/M. Note that
R/IM+{0} <=0+ M+1+M<—=1¢M<—=M+R
Also, for r € R, note that r ¢ M if and only if r + M +# 0 + M. Thus, we have

M is a max ideal <= (r) + M = Rfor all r ¢ M
< le{r)y+Mforalr¢M
< for all r ¢ M, there exists s€e Rst 1+ M =rs+ M
< Vr+ M # 0+ M, there exists s + M € R/M s.t
(r+M)(s+M)=1+M
< R/M is a field

0

Corollary 9.7 of Prop 9.2 & Prop 9.5 & Prop 9.6

Every max ideal of a commutative ring is a prime ideal.

Remark

The converse of Corollary 9.7 is not true. For example, in Z, {0} is a prime ideal, but
not a max ideal.
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Consider the ideal (22 + 1) in the ring Z[z]. The map 6 : Z[z] — Z[i] defined by
0(f(x)) = f(4) is surjective since 8(a + bz) = a + bi. One can check that the
kernel of the map is (z% + 1) (exercise). By the First Isomorphism Theorem, we
have Z[z]/(z? + 1) = Z[i]. Since Z[i] is an integral domain, but not a field, we
conclude that the ideal (zz + 1> is prime, but not maximal. Note that

(z2 +1) C (2% 4+ 1,3) C Z[z]. We have Z[z]/(z? + 1,3) = Zs[z]/(2? + 1) = F,
(a field of order 9).

9.3 Fields of Fractions

Let R be an integral domain. We now construct a field F of all fractions r/s from
R. Let R be an integral domain and let D = R \ {0}. Consider the set
X=RxD={(r,s): 7€ RAse D} Wesay (r,s) = (ry,5;) on X if and only
if rs; = r,s. One can show that = is an equivalence relation (exercise). Motivated
by the case R = Z, we define the fraction £ to be the equivalence class [(r, s)] of
the pair (r, s) on X. Let F' denote the set of all these fractions, ie:

F:{f:TER/\SED}:{KZTSGR/\S#:O}
s s

The addition and multiplication of F are defined by £ 4+ 2+ = % and
Ty Ty 7 !

ss 881’
domain and thus these operations are well-defined. Then one can show that

where ss;,7s; + rys,7r; € R. Note that ss; # 0 since R is an integral

(exercise) with the above defined addition and multiplication, F' becomes a field
with the zero being % the unity %, the negative of T = =*. Moreover, if £ #0in F,
then r # 0 and thus £ € F and we have 22 = I8 = ¢ = 1 ¢ F. In addition, we
have R =~ R’, where R’ = {% :r€R} CF.

Theorem 9.8

Let R be an integral domain. Then there exists a field F' consisting of fractions %
with 7, s € R and s # 0. By identifying r = { for all r € R, we can view R as a
subring of F. The field is called the field of fractions of R.
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10 Polynomial Rings

10.1 Polynomials

Let R be a ring and x a variable. Let

Rlz]={f(z)=ag+a1z+..+a,z" :meNU{0} Aa, € RV0<i<m}
Such f(z) is called a polynomial in z over R.If a,, # 0, we say f(z) has degree
m, denoted by deg f = m, and we say that a,, is the leading coefficient of f(z). If
the leading coefficient a,,, = 1, we say f(z) is monic. If deg f = 0, then

f(z) = ag € R\ {0}. In this case, we say f() is a constant polynomial. Note
that f(z) =0 <= ay = 0,a; = 0,a, = 0, .... 0 is also a constant polynomial and
we define deg 0 = co. Let f(z) = ag + a;z + ... + a,,,_12™ ! + a,,z™ € R[x] and
g(xz) =by+ by + ... + b,z"™ € R[z] with m < n. Then we write a; = 0 for all

(m + 1) <4 < n. We can define addition and multiplication on R[z] as follows:

f(x) +g(z) = (ag + by) + (a1 + b))z + ... + (a, + b, )"
and
f(@)g(z) = (ag + a1z + ... + a,, ™) (by + byz + ... + b,z")
= agby + (aghy + a1bg)z + (agby + arby + aghy)x? + ... + (a,,b,)x™ ™

=co+ T+ o2 + .o+ Cpp @™

where ¢; = agb; + a; +b,_; + ... +a,_1b; + a;b,.

Proposition 10.1

Let R be a ring and x a variable.
1. R[z]is aring.
2. R is a subring of R[z].
3. If Z = Z(R) denotes the center of R, then Z(R[z]) = Z[z].

Proof:
1. Exercise.
2. Exercise.
3. Let f(z) =ag+ a1z + ... + a,,2™ € Z[z] and
g(x) =by+ bz + ...+ b,2" € R[z]. We have

F@)g(2) = g+ 1+ o+ €™
with ¢; = agb; + a1b;_1 + ... + a;_1b; + a;b. Since a; € Z, we have a;b; = a;b; for
all i, j. Thus, we get f(z)g(z) = g(z) f(z) for all g(z) € R[z] and hence

Zlz] € Z(Rlz)).
To show the other inclusion, if h(z) = ¢y + ¢;z + ... + c¢,2® € Z(R|[z]), then for all
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r € R, we have h(z)r = rh(z). Thus, ¢;r = r¢; forallr € Rand 0 < ¢ < s. Thus,
¢; € Z and Z(R[z]) C Z|z]. It follows that Z(R[z]) = Z]z].

Warning

Although f(z) € R[] can be used to define a function from R to R, the polynomial
is not the same as the function it defines. For example, if R = Z,, there are only 4
different function from Z, to Z, (since there are 2 elements in the domain and 2 in
the codomain). However, the polynomial ring Z,[z] is an infinite set.

Proposition 10.2

Let R be an integral domain. Then
1. R[z] is an integral domain.
2. If f # 0 and g # 0 in R[z], then deg(fg) = deg(f) + deg(g) (product
formula).
3. The units in R[z] are R*, the units in R.

Proof: Suppose that f(z) # 0 and g(z) # 0 are polynomials in R[z], say
f(z) =ag+ayz+ ... +a,z™and g(x) = by + bz + ... + b,,x™ with a,,, # 0 and
b,, # 0. Then

f(@)g(z) = (a,,b,)z™ ™ + ... + ayb,

Since R is an integral domain, a,,b,, # 0 and thus f(z)g(z) # 0. It follows that R[] is an
integral domain. Moreover, deg(fg) = deg(f) + deg(g). Thus, (1) and (2) follow.

For (3), let u(z) € R[z] be a unit with the inverse v(z). Since u(z)v(z) = 1, by (2), we
have deg(u) + deg(v) = deg(1) = 0. Since u(z)v(z) = 1, we have u(x) # 0 and

v(z) # 0. Since deg(u) > 0 and deg(v) > 0, the above equation implies that

deg(u) = 0 = deg(v). Thus, u(z) and v(z) are units in R and hence R[z]* C R*. Since

R* C R[z]*. We have R[z]* C R*. O

Remark
Note that in Z, (x), we have 2z - 2z = 422 = 0. Thus
2=1+1=deg(2z) + deg(2z) # deg(2z - 22) =0

Hence, the product formula in Prop 10.2 only applies when R is an integral domain.

Remark

To extend the product formula in Prop 10.2 to 0, we define deg(0) = +o0.
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10.2 Polynomials over a field

Let F' be a field and f(z), g(z) € F[z]. We say f(x) divides g(z), denoted by
f(z) | g(z), if there exists g(z) € F[z] such that g(z) = ¢(z) f(z).

Proposition 10.3
Let F be a field and f(z), g(z), h(z) € Flz].
1. If f(z) | g(z) and g(z) | h(z), then f(z) | h(z) (Transitivity of Divisibility
(TD)).
2. If f(z) | g(z) and f(z) | h(z), then f(z) | (g9(z)u(z) + h(z)v(z)) for any
u(z),v(z) € F[z] (Divisibility of Integer Combination (DIC)).

Recall
Fora,b € Z,ifa | band b | a and a, b are positive, then a = b. The following is its

analog in F[z]:

Proposition 10.4

Let F be a field and f(z), g(z) € F[z] be monic polynomials. If f(x) | g(z) and
9(z) | f(2), then f(z) = g(=).

Proof: Since f(z) | g(z) and g(z) | f(x), we have g(z) = r(z) f(z) and f(z) = s(x)g(z)
for some r(z), s(xz) € F[z]. Then f(z) = s(z)r(z)f(z). By Prop 10.2, we have

deg(f) = deg(s) + deg(r) + deg(f), which implies that deg(s) = deg(r) = 0. Thus

f(z) = sg(z) for some s € F. Since both f(x) and g(z) are monic, we have s = 1 and
hence f(z) = g(z). O

Proposition 10.5 Division Algorithm

Let F be a field and f(z), g(z) € F[z] with f(z) # 0. Then there exists unique
q(z),r(z) € F[z] such that
9(z) = q(z)f(z) + r(z)

with deg(r) < deg(f).

Note

The above proposition includes the case for = 0, which explains why we define
deg(0) = —oo.

Proof: We first prove by induction that such ¢(z) and r(z) exist. Write m = deg(f) and
n = deg(g). If n < m, then g(z) =0+ f(z) + g(z). Suppose n > m and the result holds
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for all g(z) € F[z] with degg < n. Write f(z) = ag + a;2 + ... + a,,, "™ witha,, # 0
and g(z) = by + by T + ... + b, z™. Since F is a field, then a;,! exists. Consider

91(z) = g(z) — bya,'a" ™ f(2)
(b "+ b, 12"+ 4 by) — byan T ™ (4, ™ + .+ 4y T + ag)
=0- (bn—l - bna’;zlam—l)‘%n_l + ..

Since deg(g,) < n, by induction, there exists ¢, (z), r; (z) € F[z] such that
g1(z) = ¢, (z) f(z) + r{(x) with deg(r;) < deg(f). It follows that
9(x) = g1 (z) + bya;, 2" " f(2)

= (q(2)f(2) + 11 (2)) + byay a" ™ f(x)
= (q1(x) + bpaz,'a" ™) () + 74 (x)
By taking q(z) = ¢, (z) + b,a;,} +b,a,,12" ™ and r(z) = r,(x). We have

g(z) = q(z) f(z) + r(z) with deg(r) < deg(f). To prove uniqueness, suppose that we
have g(z) = ¢, (z) f(z) + r1 (z) with deg(r;) < deg(f). Then
(@) —ri(z) = (1 (2) — q(2)) f (). If ¢, (x) — g(z) # 0, we have

eg(r —ry) = deg((q; — q)f) = deg(qy — ) + deg(f) > deg(f)

which leads to a contradiction since deg(r — ;) < deg(f). Thus ¢; () — ¢(z) = 0 and
hence 7(z) — r;(x) = 0. It follows that ¢; (z) = ¢(x) and 1 (z) = r(x). O

Recall

For a,b € Z \ {0}, the Bezout Lemma states that gcd(a, b) = az + by for some
z,y € Z.

Proposition 10.6

Let F be a field and f(z), g(z) € F[z] \ {0}. Then there exists d(z) € F[z] which
satisfies the following conditions
1. d(z) is monic.
d() | f(z) and d(z) | 9(a)
3. Ife(z) | f(z) and e(z) | g(z), then e(z) | d(z).
4. d(z) = u(z) f(z) + v(z)g(zx) for some u(z),v(z) € F[z].
Note that if both d(z) and d; () satisfy the above conditions, since d(z) | d; (z) and

z) | d(z) and both of them are monic, by Prop 10.4, we have d(z) = d; (z). We
call such d(z) the greatest common divisor of f(z) and g(z), denoted by

d(z) = ged(f(x), g(x)).

Proof: Consider the set X = {u(z) f(z) + v(z)g(z) : u(z),v(z) € F[z]}. Since f(z) € X,
the set X contains non-zero polynomials and thus monic polynomials (since F' is a field, if
h(z) € X with leading coefficient a, then a~*h(z) € X is monic). Among all monic
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polynomials in X, choose d(z) = u(z) f(z) + v(z)g(z) of minimal degree. Then (1) and
(4) are satisfied. For (3), if e(z) | f(z) and e(z) | g(z), since d(z) = u(z) f(z) + v(z)g(z),
by Prop 10.3, e(x) | d(z). It remains to prove (2). By the division algorithm, write

f(z) = q(z)d(z) + r(z) with deg(r) < deg(d). Then

r(z) = f(z) — q(z)d(z)
= f(2) — q(2) (u(z)f(2) + v(x)g(z))
= (1= q(@)u(@)))f(z) — (g(z)v(z))g()

Note that if 7(x) # 0, write ¢ # 0 be the leading coefficient of r(z). Since F' is field, then

¢! exists. The above expression shows that ¢! (z) is a monic polynomial of X with

deg(c™!r) = deg(r) < deg(d), which contradicts the choice of d(z). Thus r(z) = 0 and
we have d(z) | f(z). Similarly, we can show that d(z) | g(z). Thus (2) follows. O

Recall

p € Zis a prime if p > 2 and whenever p = ab with a,b € Z, then a = 41 or
b = +1. Note that £1 are the units of Z.

If F is a field, a polynomial I(z) # 0 in F'[z] is irreducible if deg(l) > 1 and
whenever l(z) = I, (z)l5(z) in F[z], we have deg(l;) = 0 or deg(l;) = 0 (deg(0)
polynomials are the units in F[z]). Polynomials that are not irreducible are
reducible.

If [(z) € F|x] satisfies deg(l) = 1, then [(z) is irreducible.

If deg(f) € {2, 3}, then f is irreducible if and only if f(d) # 0 for all d € F' (See
A10).

Let l(z), f(z) € F[z]. If i(z) is irreducible and (z) { f(z), then
ged(l(z), f(x)) = 1.

Recall

Given a prime p € Z and a, b € Z, Euclid’s Lemma states that if p | ab, then p | a or
plb.
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Proposition 10.7

Let F be a field and f(z), g(z) € F[z]. If I(z) € F[x] is irreducible and
U(z) | f(z)g(z), then U(z) | f(z) or I(z) | g().

Proof: Suppose l(z) | f(z)g(z). Two cases:
1. Ifi(z) | f(z), then we are done.
2. Ifl(z) t f(z), then d(z) = ged(I(z), f(x)) = 1. By Prop 10.6, we have
1 =l(z)u(z) + f(z)v(x) for some u(z),v(z) € F[z]. Then
9(2) = g(@)l(x)u(z) + 9(z) f(2)o(z). Since I(z) | U(z) and I(z) | g(z)f(z), then by
Prop 10.3, we have () | g(z).

O

Remark
Let f;(z), ..., f,(x) € Flz] and let [(x) € F[z] be irreducible. If

l(z) | f1(z)...f,(z), then by applying Prop 10.7 repeatedly, we get [(z) | f;(z) for
some i.
Note
For an integer n € Z with n > 2, up to 4 sign, n can be written uniquely as a
product of primes. By induction and Prop 10.7, we have the following analogous
result in F'[z] (Exercise):
Theorem 10.8 Unique Factorization Theorem

Let F be a field and f(z) € F[z] with deg(f) > 1. Then we can write
f(z) = cly(z)...1,,(x), where ¢ € F* and [,(x) are monic, irreducible polynomials
(but not necessarily distinct). The Factorization is unique up to the order of /,.

Use Theorem 10.8 to prove that there are infinitely many irreducible polynomials in

Recall

In Z, all ideals are of the form (n) = nZ and if n € N, then n is uniquely
determined.
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Proposition 10.9

Let F be a field. Then all ideals of F'[z] are of them form (h(z)) = h(z)F[z] for
some h(z) € Flz]. If (h(z)) # 0 and h(z) is monic, then the generator is uniquely
determined.

Proof: Let A be an ideal of F[z]. If A = {0}, then A = (0). If A # {0}, then it contains a
monic polynomial (since F is a field, if f € A with leading coefficient a, then a1 f € A).
Among all monic polynomials in A, choose h(z) € A of minimum degree. Then

(h(z)) C A. To prove the other inclusion, let f(z) € A. By division algorithm, we have
f(z) = q(x)h(z) + r(z) with g(x), 7(z) € F[z] and deg(r) < deg(h).If r(z) # 0, let

u # 0 be its leading coefficient. Since A is an ideal and f(z), h(z) € A, we have

uir(z) = v (f(z) — q(z)h(z)) = v f(z) — u~lq(z)h(z) € A, which is a monic
polynomial in A with deg(u~1r) < deg(h). This contradicts the minimum property of
deg(h). Thus r(z) = 0 and f(z) = g(z)h(x). It follows that f(z) € (h(x)) and hence

A = (h(z)). To prove uniqueness, suppose A = (h(z)) = (h,(x)). Since h(z) | h,(z) and
hy(z) | h(z) and both of them are monic, then by Prop 10.4, we have h(z) = h,(z). O

Recall

In Z, all ideals are of the form (n) for n € Z. For n > 2, if we divide an integer by n,
the remainder 7 € {0, 1,2, ..., (n — 1)}. Write (n) = nZ. Then we have
now consider an analog in F'[z].

Note

Let F be a field. By Prop 10.9, all ideals of F'[z] are of the form (h(z)). Suppose that
h(z) is monic and deg(h) = m > 1. Consider the quotient ring R = F[z]/(h(z))
and thus

R={f(@) = f(z) + (h(2)) | f(x) € Fla]}

Write t =% = x + (h(z)). We have h(t) = 0 in R (exercise). By the division
algorithm, we can write f(z) = g(z)h(z) + r(z) with deg(r) < deg(h) = m. Thus,
one can show that (exercise)

R={ay+at+..+a, "' |a; € F and h(t) = 0}

Consider the map 6 : F' — R given by 6(a) = a. Since 6 is not the zero map and
ker(f) is an ideal of F', we have ker(6) = {0}. Then 6 is an injective ring
homomorphism. Since F' =2 §(F'), by identifying F with 6(F'), we have

R={ag+at+..+a, "' |a, € Fand h(t) =0}
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Note
In R, we have
ag+agt+...+a, 1t =by+bjt+..+b, ;t™1

if and only if a; = b, for all 0 < ¢ < (m — 1). Hence, this representation of the
elments of R is unique.

Proposition 10.10

Let F be a field and h(z) € F[z] be monic and h(z) € F[z] be monic with
deg(h) = m > 1. Then the quotient ring R = F'[z]/(h(z)) is given by

R={ag+at+..+a, 1t™ ' |a; € Fandh(t) =0}

in which an element of R can be uniquely represented in the above form.

Consider the ring R[z]. Let h(x) = 22 + 1 € R[z]. By Prop 10.10, we have
Riz]/(z*+ 1) ={a+bt:a,b € Rand t>+1 =0}
~{a+bi:a,b€Randi®=—1}
~C

Proposition 10.11

Let F be a field and h(z) € F[z] with deg(h) > 1. The following are equivalent:
1. Flz]/(h(z)) is a field.
2. F[z]/(h(z)) is an integral domain.
3. h(z) is irreducible in F[z].

Since R[z]/{z% + 1) = C, which is a field, the polynomial % + 1 is irreducible in
R[z].

Since 22 + = + 1 has no roots in Z, (since 0 and 1 are not roots), it is irreducible in
Zy|z]. Thus, Zy[z]/(z? + 2 +1) = {a+ bt :a,bEZy and t? +t + 1 =0} isa
field of 4 elements.

PMATH 347 71



PMATH 347 Fermat’s Last Theorem in F'[z]

Proof of Prop 10.11: Write A = (h(z)).
(1) = (2) A field is an integral domain.
(2) = (3) If h(z) = f(z)h(x) with f(z), g(z) € F[z], then

(f(z) + A)(g(z) + A) = f(z)g(z) + A=h(z) + A=0+A

in Fz]/A. By 2, either f(z) = A=0+ Aorg(z) + A= 0+ A, ie either f(z) € Aor
g(z) € A If f(z) € A= (h(x)), then f(z) = g(z)h(z) for some ¢(z) € F|z]. Thus

h(z) = f(z)g(z) = q(z)h(z)g(x). Since F[z] is an integral domain, this implies that
deg(g) = 0. Similarly, if g(z) € A, then deg(f) = 0. Thus h(z) is indeed in F'[x].

(3) => (1) Note that F[z]/A is a commutative ring. Thus, to show that it is a field, it
suffices to show that every non-zero element of F'[z]/A has an inverse. Let

f(x)+ A # 0+ Awith f(z) € F[z]. Then f(z) ¢ A and hence h(z) } f(z). Since h(x) is
irreducible and h(x) + f(z) is too, we have ged(f(z), h(x)) = 1. By Prop 10.6, there
exists u(z),v(z) € F[z] such that 1 = u(x)h(z) + v(z) f(z). Thus,

(v(z) + A)(f(z) + A) =1+ A (since A = (h(z)))
It follows that f(z) + A has an inverse in F'[z]/A and hence F[z]/A is a field. O

Remark

Before the previous example, the only finite fields we know are of the form Z,,
where p is prime. We have seen before that there are co-many irreducible
polynomials in Z,,[z]. Indeed, one can show that for any n € N, there exists at least
one irreducible polynomial of deg(n) in Z,[z], say f,,(x). Since f, () is irreducible,
Z,[z]/{f,(x)) is a field of order p™. Note that Z, is NOT a field if n > 2.

Analogies between Z and F'[z]:

Properties Z Flz]
elements m f(z)
size |m| deg(f)
units +1;Z2\ {0}/{£1} =N F* Flz] \
0}/F* = {monic polynomials}
unique factorization m=+1pt..pir =p, = f=c- {00 ce F*l, =
prime l;(t) = monic irreducible
ideals (n) (unique if n € N) (h(z)) (unique if h(z) is monic)

Flz]/(h(z)) is a field iff

h(z) is irreducible

more ideals Z/{n) is a field iff n is prime
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10.3 Fermat’s Last Theorem in F'[z]

The triples (z,y, z) = (3,4,5) and (5, 12, 13) are positive integer solutions.

For a,b € N with a > b, we can take z = a? — b%, y = 2ab, z = a® + b>. Then take
the triple (x, v, z) satisfies £2 4 y? = 22 and we have infinitely many positive
integer solutions.

Note

How about positive integer solutions for 2™ + y™ = 2" withn € Nand n > 3?

Theorem 10.13 Fermat’s Last Theorem

For n € N with n > 3, the equations 2" + y™ = 2" have no solution with
z,y,z € N.

Note

1. The result was first claimed by Fermat in the mid 17th century without proof.

2. The theorem was proved by Frey, Serre, Ribet, Tayler and Wiles in 1994.

3. The proof involves the use of elliptic curves, modular forms and Galois
representations.

Let F' be a field and n € N. Consider
f(z) = g"(z) = h"(z)

with f(z), g(z), h(z) € F|z]. We say a solution (f, g, h) is non-trivial if
deg(f), deg(g), deg(h) > 1.

Theorem 10.14

Let F be a field with ch(F') = 0. For n € N with n > 3, there is no non-trivial
solutions for the equation

(@) + 9" (z) = h"(x)

with f(z), g(z), h(z) € F[z].
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Proof: Suppose we have a non-trivial solution f™ + g™ = h™. By dividing all common
divisors of f, g, h, we can suppose that (f, g, h) is “coprime”, ie

ged(f,9) = ged(f, h) = ged(g, h) =1
Without loss of generality, suppose
deg(f) + deg(h) > deg(g)
Write f/ = %. Since f™ + g™ = h™, by the chain rule, we have
nfrlf +ngv g = nh"tH
Since ch(F) = 0, we have n - 1 # 0. By multiplying both sides by n~!, then h, we get
U R+ g tg'h=RR = frR + g R

ie:

PN h—fH) =g (gh' — g'h)

Since f and g are coprime, the above equation implies that f*~1 | (gh’ — g’h) Thus
(n—1)deg(f) < deg(g) + deg(h) — 1. Since deg(f) = deg(h) > deg(g), we have

(n—2)deg(g) < (n—2)deg(f) < deg(g) — 1, which is a contradiction if n > 3. O
Note
Let p be a prime and consider Z, [z]. We have
(f(z) +9(2))" = f(2) + g(2)?
Let h(z) = f(x) + g(z). Then the equation f(z)? + g(z)? = h(x)P have infinitely
many non-trivial solutions.
Theorem 10.15
Let F be a field with ch(F') = p. For n € N with n > 3 and ged(n, p) = 1, there is
no non-trivial solutions for the equation
(@) +g"(x) = h™(z)
with f(2), 9(2), h(z) € Fla).
10.4 Prime Number Theorem and Riemann Hypothesis in Z,,[t]
Define
m(z) = #{p < x,p = prime}
Conjecture:
m(2) ~ @) = J; i ~ wew
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Hence, the probability of primes < x is @. For example, about 1% of n € N with

100

n < e " are primes.

For s € C, the Riemann Zeta function is defined to be

o)=Y

neN

1 1
H 1+E+Iﬁ+...

p prime

1 =il
()
p prime p

Remark

1. The Riemann zeta function absolutely converges for Re(s) > 1.
2. Functional equation relates (s) with (1 — s).
3. The analytic continuation involves extending ((s) to s € C.

Theorem 10.16 Riemann Hypothesis
All non-trivial zeros of ((s) lie on Re(s) = 3.
Theorem 10.17 Prime Number Theorem

For any n € N, we have n(z) = li(z) + O(W).

Theorem 10.18 Prime Number Theorem with RH

For any € > 0, assuming RH, n(z) = li(z) + O(m%”).
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Let’s consider PNT in Z,|[t]. For f € Z,[t], define | f| = p?°8/. For s € C, the Zeta
function of Z,[t] is defined to be

1
“)= 2> 7R

f monic

-1
H 1 :
1l IiE
£: monic & irreducible

Note that #{ f : monic, deg(f) = d} = p?

o U A S

d
a=o \P

1. Functional equation: relate ¢, (s) with (,(1 — s).
2. Analytic continuation: extend {(s) to s € C.

Define a; = #{¢ : monic irreducible, deg(l) = d}.
We have

d=1

Write T' = p~—*. Then

G(s) = ﬁ 1-T%)"

Note that

log(l jpT)/ = (—log(1 —pT))’

__—p __ P
1—pT 1—9pT

By taking log derivatives and multiplying by 7', we have

pT o~ d%aT?
l—pT_d=11—Td

By expanding both sides into power series and comparing the coefficients of T, we
have

p" = Zdad

PMATH 347 76



PMATH 347

The Mobius function on d € N is defined as follows:

lifd=1
u(d) = 4 (=1)" if d is a product of distinct r primes
0 otherwise

Theorem 10.19 Mobius inversion formula

fm) =Y 9(@) = gm) = Y u@f (%)
d|n

d|n

By * and Mobius inversion formula, we have

day = p? + O(p%)

d
ad-gw(g)

7,(x) = #{¢ : monic & irreducible, |¢| < z}

In other words,

=

Define

By the estimates of a,, we have

0 (m)zL
P p—1logz

T

+0(at)

which proves the RH in Z,[t].
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