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PMATH 367 Topological Spaces and Continuous Maps

1 Topological Spaces and Continuous Maps

1.1 Mathematical Spaces
Recall

Given a real inner product (,) on a real vector space V, we can define a norm on V'
by |z] = /(z, z).

Given a norm on a real vector space V, we can define a metric on V' by

d(z,y) = |z —y.

Given a metric d on a set X, we can define open sets in X as follows:

Givena € X andr > 0, B(a,r) = Bx(a,7) = {z € X | d(a,z) < r}, then
for A C X, we say that A is open (in X) when Va € A, 3r > 0 such that
B(a,r) C A.

Note

Equivalently, A is open (in X) when Va € A,3b € X, 3r > 0 such that
a € B(b,r) C A

Remark

The set of open sets in the metric space X is called the metric topology on X. Open
sets in a metric space satisfy the following:

1. @ and X are open.

2. The union of any set of open sets in X is open (in X).

3. The intersection of any finite set of open sets in X is open (in X).

1. For a set S of sets, the union of Sis U S := {z| A € S,z € A}.
. For S # @, the intersection of Sis NS := {z| VA € S,z € A}.
3. In the case that S = {4, | k € K} where K is a set (called the index set), then
US= U A, US= U A,
keK keK

Do

Let X be a set. A topology on X is a set 7 of subsets of X such that
. geTand X €T
2. T is closed under arbitrary unions
3. T is closed under finite intersections
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Remark

By induction, to verify that (3) holds, it suffices to show that
A Beg =ANBeJT.

When 7 is a topology on X, the elements of I are called the open sets in X. The
complements (in X) are called the closed sets in X.

X set. I = {@, X} is a topology. Moreover, it’s called the trivial topology.
Also, P = P(X) = {A]A C X} is a topology on X. It’s called the discrete topology.

Recall

When f : X — Y is a map between metric spaces, f is continuous <> f has the
property that f=*(V) is open in X for every openset VinY.

Foramap f: X — Y between topological spaces, we say that f is continuous
when f~1(V) is open in X for every open V in Y.

Recall that if f : A C R™ — B C R™ is an elementary function, then f is
continuous.

A topological space is a set X together with a topology 7.

Let &, T be topologies on X with & C 7, we say that § is coarser than I and that
T is finer than & When & C 7, we say that & is strictly coarser than  and that
T is strictly finer than &.

Consider X =@. T CP(X)={@}=T=gorT ={g}.Butonly T = {g}isa
topology since X = & ¢ T
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Consider X = {a}. {&,{a}} = P(X) 2 T € {@,{2}, {{a}}, {2, {a}}}. But
D¢ &, {a} ¢ {3} and & ¢ {{a}}.So T = {@, {a}} is the only remaining
candidate. We check that it is closed under arbitrary unions and finite intersections
to conclude that it is a topology on X.

Find all topologies on X = {a,b} and X = {a, b, c}.

Solution:

Let X = {a,b}. Then T C P({a,b}) such that & € T and {a,b} € T So

T € P= {2, {a,b}}, {2, {a, b}, {a}}, {2, {a,b}, {b}}, {2, {a, b}, {a}, {b}}}.

Note that each T' € P is closed under arbitrary unions and finite intersections, so each one
is a topology on X.

Similarly,

Sr = {{@,{a,b,c}}, {2, {a,b, ¢}, {a}}, {2, {a,b, e}, {b}}, {2, {a, b, c}, {e} }, -}

for X = {a,b,c}.

Let X be a topological space and let A C X.
1. The interior of A (in X), denoted by A°, or by int(A), or by int y (4), is the
union (of the set) of all open sets in X, which are contained in A.
2. The closure of A (in X), denoted by A4, or by Cl(A), or by Cly(A), is the
intersection of (the set of) all the closed sets in X, which contain A
3. The boundary of A (in X), denoted by d 4, or by dx A, or by Bd(A), or by
Bdy(A), givenby A = A\ A° = {:U |lzeA ¢ AO},

Note

The set of closed sets in a topological space is closed under arbitrary intersection
and under finite unions. So, in particular, @ and X are both closed.

Theorem 1.1

Let X be a topological space and let A C X. Then
1. Ais open in X, and it is the largest open set in X, which is contained in A.
Also, A is closed in X, and A is the smallest closed set in X, which contains A.
2. Aisopen< A :7A0. Moreover, A is closed < A = A
3. (AO)O =A%and A=A

Proof:
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1. A% is a union of open sets in X, so it is open in X. Moreover, there cannot exist open
B in X such that A° C B C A, since A° is the union of all open sets in X contained
in A, so B C A°.

Similarly, X \ A is a union of open sets in X, so it is open in X. Hence, A is open.
Moreover, there cannot exist closed B in X such that A C B C A because A is the
intersection of all closed sets in X containing A, so ACB.

2. A open = A® = A since A° is the largest open set contained in A and A C A.

AY = A = A open since A° is open from part (1).
A closed = A = A since A is the smallest closed set containing A and A C A.
A = A = Aclosed since A is closed.

3. (A°)” = A° since A° is open and since (A°)" is the largest open set contained in A°.

Moreover, A = A since A is closed and since A is the smallest closed set containing

A.
O

Let X be a topological space and let A C X with a € A.

1. We say that a is an interior point of A when a € A and there exists an open
set Uin X witha € U C A.

2. We say that q is a limit point of A when for every open set U in X with
a € U,wehave (U\{a})NA+@.
The set of limit points of A in X is denoted by Al, or by Lim(A).

3. We say that a is a boundary point of A (in X)) when for every open set U in X
witha € U, we have UN A # @ and U N A° # & (where A° = X \ A).

Theorem 1.2

Let X be a topological space and let A C X.
1. A° is equal to the set of all interior points of A in X.
.Forae X,a€c A' & a€ A\ {a}.
. Aisclosed < Al C A.
A=AUA.
. A is the disjoint union A = A° U § A.
. 0A is equal to the set of boundary points of A in X.

[ RS NI OC I

Proof:
1. Let A; denote the set of interior points in A. a € A° = a € U C A, where U is
open.So a € A;. If a € Ay, then there exists open U such thata € U C A. So
a € A% Hence, A° = A;.
2. Leta € X.a € A'. Let C be a closed set such that A\ {a} C C.
3.
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1.2 Topological bases
Theorem 1.3

Let X be a topological space. The intersection of any set of topologies on X is also a
topology on X.

Proof:

Let R be a set of topologies on X. When R = @&, since the elements of R lie in the power
set P(X), we take N R to be the set P(X), which is the discrete topology on X.

Suppose R #+ @&. VA € R, @ € A since A is a topology, so & € N R. Similarly,

VA € R, X € Asince Ais a topology on X, so X € N R.

Now, let S CN R.For A € R,since S CNRand A € R, then S C A. But A is a topology
so it is closed under arbitrary unions. Therefore, U S € A. But A € R is arbitrary, so

U S € N R. Hence, N R is closed under arbitrary unions.

Finally, let T;,T, € N R.For A € R, since T; € N Rand A € R, then T} € A. Similarly,
T, € A.But Ais atopology, so T NT, € A. However, A € R was arbitrary, so

T, NT; € N R. Hence, N R is closed under finite intersection. 0

Note

Given a set X, the union of any set of topologies is not a topology on X in general.

Corollary 1.4

When X is a set and § is any set of subsets of X (that is, & C P (X)), there exists a
unique smallest (coarsest) topology I on X which contains §. In particular, I is
the intersection of (the set of) all topologies on X containing .

Note

This topology 7 is called the topology on X generated by &.

Let X be a set. A basis of sets on X is a set & of subsets of X (so & C P(X)) such
that:

1. &B covers X (thatis, U % = X)

2.VC,De B,Yac CND,IBe B,ac BCCND.

Note

When % is a basis of sets in X and T is the topology on X generated by &, we say
that 9 is a basis for 7.
The elements in 9 are called the basic open sets in X.
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Theorem 1.5 Characterization of Open Sets in terms of Basic Open Sets

Let X be a topological space, 9 be a basis for the topology on X.
1. For A C X, Aisopen in X if and only if A has the property that
Va€ A, 3B € B,a€ BC A.
2. The open sets in X are the unions of (the set of) elements in &.

Proof:

Let 7 be the topology on X generated by the basis 9. Let S be the set of all sets A C X
with the property Va € A,;3B € %,a € B C A (* %) and let R be the set of (arbitrary)
unions of (sets of) elements in .

Recall that 7 is the intersection of the set of all topologies on X which contain 3. Note
that & contains 9, since

AeB=VC,DC X Vaec(CND,IBe B,ac BCCND
=VAC X, Va€e A,3Be B,ac BC A
=Aes

Now, let us show that & is a topology on X.

We have @ € & vacuously and X € & because & covers X (given a € X, we can choose
B € 3B with a € B). When U, € S for every k € K (where K is any index set), we need
to show that Uy U, € S.

Let a € Uy Uy, Choose | € K so that a € Uj. Since U; € § (so U, satisfies * *), we can
choose B € B so that a € B C U,. Since U; C Ui Uy, we have a € B C Ui U,.. Thus
Uker Uy, satisfies * x, hence Uy Uy, € &, as required.

Suppose U,V € & (so U and V satisfy * *).

Leta e UNYV.Since U € &, we can choose C € B withae C C U.

Since V € &, then we can choose D € % witha € D C V. Since % is a basis, C, D € %
and a € C N D, we can choose B € B withae B C CND.

Thenwehavea € B C CND CUUV.Thus U NV satisfies * *,sothat UNV € &, as
required. Thus S is a topology on X containing 98, hence 7 C &.

Let us show that & C R.Let U € § (so U satisfies * *). For each a € U, choose B, € &
with a € B, C U. Then we have U = U,;; B, € R. Thus & C .

Finally, note that & C J because if U = U B), with B, € %, then each B;, € I and
I is atopology,soU = U, B, € F.

Therefore, we have that T CS CR CT,s0 R =8 = T.ButS = T is equivalent to (1)
and R = T is equivalent to (2). O

Theorem 1.6 Characterization of a Basis in terms of Open Sets

Let X be a topological space with topology 7T and let 8 C T. Then 3 is a basis for
TiftVU € T,Va e U,IB € B,a € BC U (x).
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Proof: If & is a basis for T, then (%) holds by part (1) of the previous theorem.

Suppose that (*) holds. Let’s show that 3 is a basis of sets in X.

Note that % covers X since, taking U = X in (%), we have

Va € X,3dB € B,a € B (C X). Also note that given C, D € % and a € C'N D, then by
taking U = C'N D in () (noting that C, D € 8 C T,sothat U = CN D € T), we can
choose B € & witha € B C C N D. Thus, % is a basis of sets in X.

It remains to show that 7 is the topology generated by 9.

Let & be the topology generated by 98. By part (2) of the previous theorem, & is the set of
all unions of elements in AB. Also, & is the smallest topology which contains 9. Since

B C T,and T is a topology, § C T.

Also, we have T C & because given U € T, by property (x), for each a € U, we can
choose B, € B witha € B, C U, and then we have U,;; B, € S since it is a union of
elements in 9. 0O

When X is a metric space, the set & of all open balls in X is a basis for the metric
topology on X.

Remark

We can use a basis for testing for various topological properties:
1. When X is a topological space, 98 is a basis for the topology on X, and § C X
anda € X, thena € A< 3IBc Bwithaec BC A
.acAsVBeRBwithaec B_BNA+ Y
a€ Al ©VBe Bwithae B,(B\{a}))NA+ g
4. a €A VBe Bwithae BBNA+BANBN(X\A) +3

w N

A topological space X is called Hausdorff when it has the property that for all
a,b € X, with a # b, there exist disjoint open sets U and V in X with a € U and
beV.

Metric spaces are Hausdorff.
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Let Y be a topological space with topology &, and X C Y be a subset. Let
T={VNX|Ve&} ThenT is a topology on X. Indeed, & € &, so
gNX=geTandY € $,s0Y NX =X € T.If K is any index setand U, € T
for each k € K, then for each k € K, we can choose V}, € § such that U, = V, N X,
and then we have

- X) = X
LU= U MnX) = (Y v)nxeT

since
Uteds
keK
Similarly, when K is finite and Uj, € T for each k € K, we have Ny U, € T.

The topology 7 on X is called the subspace topology on X (inherited from the
topology on Y).

Theorem 1.7

Let Y be topological space, & be a basis for the topology on Y and let X C Y be a
subset. Then the set

B={CNX|Ce®}

is a basis for the subspace topology on X.

Proof:

First, we prove that 9% is a basis of sets on X. Observe that
UZB=U B= U (C.NX)= < U Ck>ﬁX=YﬂX:X
keK keK keK

since & is a basis on Y. Moreover, for C, D € &, let a € C N D be arbitrary. Then
Fe®,C=FNXand3Ge€¥,D=GNX.Soae (FNG)NX C FNG.Since €is
a basis of sets on Y (since it is a basis for the topology on Y'), then 3C,, € € such that
a€eCyCFNGButae X,s0a e CENXC(FNG)NX=CND.ButGyNX € A,
and since a € C'N D was arbitrary, then & satisfies property 2 of Definition 1.2.1. So 9 is
a basis of sets.

Now, we argue that & generates X. Let S be the subspace topology on X, R be the set of
all topologies on X containing 9. We must show that " R = S.
NR={A|VBeR,AeB}.S={CNnX|Ce%} O
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Theorem 1.8

Let Z be a topological space. Let Y C Z be a subspace (meaning that Y uses the
subspace topology) and X C Y be a subset. Then the subspace topology on X
inherited from Y is equal to the subspace topology on X inherited from Z.

Proof: Exercise. O

Theorem 1.9

Let Y be a metric space (using the metric space topology) and let X C Y. Then the
subspace topology on X (inherited from the topology on Y) is equal to the metric

topology on X, using the metric on X obtained by restricting the metric on Y.

Proof: Exercise. 0

1.3 Continuous Maps

Let X, Y be topological spaces. For f : X — Y and a € X, we say that f is
continuous at a when for every open sets V € Y with f(a) € V, there exists an
open set U € X witha € U C f~1(V). We say that f is continuous (in or on X)
when for every open set V € Y, f~1(V) is open in X.

A homeomorphism from X to Y is a bijective map f : X — Y such that both f and
its inverse f~! : Y — X are continuous.

Note

We say that X and Y are homeomorphic, and we write X = Y when there exists a
homeomorphism f : X — Y (and we remark that then f~! : Y — X isalsoa
homeomorphism).

Theorem 1.10

Constant maps and inclusion maps are continuous.

Proof:For f : X — Y givenby f(z) =c € Y forallz € X, when V isopenin Y,

L) = ;llffccg// When X C Y isisasubspace and f : X — Y is given by f(z) =z

forallz € X, when V isopeninY,
FIV)={zeX|flz)eV}={zeX|zeV}=VnNX

which is open in X (when X is using the subspace topology). 0
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Remark

When Y is a topological space and X C Y is a subset, we shall assume, unless
indicated otherwise, that X uses the subspace topology.

Theorem 1.11 Equivalent Definitions of Continuity

Let f : X — Y be a map between topological spaces.
1. f is continuous (on X) <> f is continuous at every a € X.
2. f is continuous (on X) < for every closed set K in Y, f~1(K) is closed in X.
3. if € is a basis for the topology on Y, then f is continuous <> for every C € €
f71(C) is open in X.

Proof:
1. = Suppose f is continuous on X. Let a € X. Let V be an open set in Y with

f(a) € V.LetU = f~1(V). Then f~1(V) is open since f is continuous and
acUC V).
<= Suppose, conversely, that f is continuous at every a € X. Let V be an open set in
Y. For each a € f~1(V), since f is continuous at a with f(a) € V, we can choose an
open set U, € X witha € U, C f~'(V). Then f~" (V) = U,c4-1(v) U, which is
open in X since it is a union of open sets in X.

The rest is an Exercise O

Theorem 1.12 Composites of Continuous Functions are Continuous

Let f: X - Y and g : Y — Z be continuous maps between topological spaces.
Then the composite map h = go f : X — Z is continuous.

Proof: Show that A=} (w) = f~1 (g7 (w)). O

Remark

Homeomorphism of topological spaces behaves like an equivalence relation on he
class of topological spaces for topological spaces X,Y, Z.

X = X (since the identity map I : X — X is a homeomorphism)

if X =Y, thenY = X (when f: X — Y is a homeomorphism, so is

1Y = X).

ifX=>YandY = Z, then X = Z (indeed,if f : X > Y andg:Y — Z are
homeomorphisms, thensois h = go f : X — Z with

ht=(gof) ™ =flog™).

f:[0,2p) — S, f(t) = et
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Codomain

Let X, Y, Z be topological spaces. Suppose f : X — Y is continuous.
1. For any subspace A C X, then restriction f : A — Y is continuous.
2. IfY C Z is a subspace, then f : Y — Z is continuous, and if B C Y with
f(X) C B, then f : X — B is continuous.

Proof: Exercise

Let f : X — Y be a map between topological spaces. Then
1. If X = Upcg Uy, where K is a non-empty set and each U, is open in X, and if
each restriction map f|;, : Uy — Y is continuous (where Uy, is using the
subspace topology), then f is continuous.
2. If X = Uy A, where K is a non-empty finite set, and each A, is closed in
X, and if each restriction f : A;, — Y is continuous (where A, is using the
subspace topology), then f is continuous.

Proof: (1) Suppose X = U, g U, where each Uy, is open in X and suppose each

Theorem 1.13 Restriction of Domain and Restriction or Extension of

restriction g;, : U, — Y is continuous (where g, (z) = f(z) forallz € U,).Let V C Y be

open in Y. Note that
fAV)={zeX| f(x) eV}
=Y {zel| flz) eV}
— U {z €Uy | gi() €V}

-1

B kgK 95 (V)
For each k € K, since g, : U, — Y is continuous, we know that g7 (V') is open in Uj,.
Since Uy, is using the subspace topology, we can choose an open set W, in X such that
g1 (V) = W,, N U,,. This is open in X since W}, and U}, are both open in X. Since
FH(V) = Upek g5t (V), it is a union of open sets in X, so it is open in X. Thus, f is
continuous (on X).
(2) First, show that for f : X — Y, f is continuous (on X) <> f~1(C) is closed in X for
every closed C in Y. Then show that when A C X C Y, Ais closed in X (using the
subspace topology from Y) <+ A = BN X for some closed set BinY.

PMATH 367
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The map f : R — R given by
20 ifx <0
fz) = {:c2 ifz>0

is continuous (by part (2) of the Gluing lemma)

The circle 2% + 32 = 1 in R? is homeomorphic to the ellipse

(z—a)®  (y—b)?
2 T !

in R?. Indeed, the map @ : S — E given by &(z,y) = (%, y—;b) and its inverse
o=@ ' E— Sgivenby ¢(u,v) = (Au +a, Bv + b)

R =~ (—1,1) CR. Themap g : R — (—1,1) given by g(z) = arctan(z) is a
homeomorphism.

The standard unit n-sphere in R"*! is the set S = {z € R"™! | |z| = 1}, where p
is the north polep = e, ,; = (0,...,0,1) € S™. We have S” \ {p} = R". Indeed, we
can use the stereographic projection map.

2 Examples of Topological Spaces

Let X be a set.
We sometimes write X, to indicate that X is using the trivial topology
T, ={o2, X}

We sometimes write X to indicate that X is using the discrete topoology
To=PX)={A]| AC X}
We sometimes write X, to indicate that X is using the co-finite topology

T.={ACX | A=V X\ Ais finite}

PMATH 367 13
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Remark

The closed sets in 7, are the finite sets and the set X. 7, is the coarsest topology
where the singletons are closed.

When X is a metric space, we assume, unless otherwise indicated, that X uses the
metric topology. Sometimes, we might write X, to indicate that X is using the
metric topology 7,,,.

When Y is a topological space and X C Y is a subset, we assume, unless otherwise
indicated, that X uses the subspace topology. Sometimes, we might write X to
indicate that X is using the subspace topology 7.

Note

When X C R", we shall assume, unless otherwise indicated, that X is using

T =T,

Let X be a set. A (strict, linear or total) order on X is a binary relation < on X
which satisfies:
1. For all z,y € X, exactly one of the following holds:
a r<y
b. z=y
cy<c
2. Forallz,y,z € X,ifz <yandy < z, thenz < z.

An ordered set is a set X with an order <. When X is an ordered set, we also
define <, >, > by stipulating that for all z,y € Z,
lL.z<{y<=z<yVe=y
2.z>ys=y<c
. z2>2y<=y<cz

Remark

In an ordered set X, we can define an upper bound, a lower bound, the supremum,
the infemum, the maximum and the minimum of a subset A C X.

PMATH 367 14
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When X is an ordered set, and A C X is a subset, M = max(A) when M € A with
M > zforallz € X. m = min(A) whenm € A withm < z forallz € A.

When X is an ordered set, we have the following subsets (which are called intervals
in X): For a,b € X with a < b, we have

L. (a,b) ={zeX |a<z<b}
2. (gl ={zeX|a<z<b}
3. [a,b) = ...
4. [a,b] = ...

In Z with its standard order, (1,5) = [2,5) = (1,4] = [2,4] = {2, 3,4}

Let X be an ordered set. The order topology on X is the topology 7,, which is
generated by the basis 3, of sets in X which consists of the following intervals:
1. (a, b) where a,b € X with a < b.
2. (a, M] where M = max(X) and a € X with a # M (in the case that X has a
maximum M).
3. [m,b) where m = min(X) and b € X with b # m (in the case that X has a
minimum).

Verify that B, is a basis of sets in X.

Proof: Clearly,

X= U (ab)
a<beX

covers X if X has neither a max or a min. If X has a max and/or a min, include the
intervals (a, M] and [m, b) in the union for any a < M and/or b > m. O

We sometimes write X, to indicate that X is using the order topology.
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Let X be an ordered set. The lower limit topology on X is the topology T;
generated by the basis of sets 3;, which consists of intervals of the form [a, b), or of
the form [¢, max(X)], where a,b € X, ¢ € X \ {max(X)} witha < b.

Note

We sometimes write X to indicate that X is using the lower limit topology.

On R, T;y C T, because sets in Tj are open intervals and open intervals are open in
R’s metric topology. Also, T;,, C T; by the following argument: open sets in R’s
metric topology are unions of open intervals because the set of open intervals is a
basis of sets on R that generates 7T,,,. But open intervals are in T, and T, is closed
under arbitrary unions. So T,,, C Tj, and we have that T, = T,,.

However, T; is not equal to 7,,,. Note that when a,b € R with a < b,

(a,b)= U [H%,b)

n=m

where = < b — a, which is open in R;, so we have T; C 7}.

Let X = (0,1) U {2} C R. Note that 7 # 7,, = T, on X, where X uses the
standard order inherited from R. For example, {2} is open in X, since

Bx(2,3) = Bg(2,3) N X = {2}. But {2} is not open in X, because any open set
in X, which contains 2, must contain a basic open set B with 2 € B C U, so it must
contain a set of the form B = (1,2]x = (a,1) U {2}, where a € (0,1). So they must
include elements other than 2.

When X is an ordered set, the dictionary (or lexicographic) order on X? is given by
stipulating that

a=cand b<d
a<c

(a,b) < (c,d) @{
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Note

On R?, the order topology 7T is not equal to the standard metric topology 7,,,.

2.1 Products of Topological Spaces

Let K be a non-empty set and let X, be a set for each k¥ € K. The cartesian product

of the (indexed set of) sets X, k € K is the set
HXk:{x:K—> U Xk|x(k)ekaorallkeK}
keK
keK
and we write (k) as z;. In the case that K = {1, ...n}, we write
n
x5 =][x=XxXx..xX,
keK k=1
In the case that K = Z*T = {1, 2, ...}, we write
[ee]
I X =T %=X x Xp x X5 x ...
keK k=1

In the case that K = {1,2,...,n} and X;, = X for all k € K, we also write

[[X=]]X=XxXx.xX=X"
keK keK

In the case that K = Z* = {1,2,3...} and X, = X for all k € K, we also write

HXk:ﬁXxXxXx...:X“
keK k=1

PMATH 367
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Remark

We remark that the n-tuple z = (24, 2o, ...,z,) € X; X ... X X,, is (by definition)
the function

{1,2,.n} > U X
x{,’n} kzlk

such that z;, = z(k) € X, and that the sequence

B = (avn)n21 = (x1,Zq,T3,...) € Xy X Xy X Xg X ...

is (by definition) equal to the function

oo
z:Z" = U X,
k=1

given by z(k) = z,.

In the special case that X is a vector space, we also write
X ={z € X¥ | z;, = 0 for all but finitely many k € Z*}

In this case, both X and X“ are vector spaces. dim(R*°) = R, and R¥ = 2%,
R has standard basis {e;, e,, €3, ...}.

When X, is a set for each k € K, for each [ € K, we have the projection map

v [ X=X
keK

given by p;(z) = z; := z(l). For any set Y, a function

Fy =[x

keK

determines, and is determined by, its component functions.

fi 1Y — X;, where f; = p;o f,s0 fi(y) = p,(f(y) = f(y), = f(y)(D).
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When X, is a topological space for each k£ € K, there are two commonly used
topologies on [], - X;:

The box topology on [] rex Sk 1S the topology generated by the basis of sets of the
form

[To.cII x

keK keK
where each U}, is open in X
The product topology on [ wex Xk is the topology generated by the basis of sets

consisting of the sets of the form [ wexc Ur» Where each U is open in X, with
U, = X,, for all but finitely many & € K.

Note
The above two proposed bases are indeed bases of sets because
(M) (I1%) - Mo
keK ke K keK

Also note that when K is finite, these two topologies are equal. When K is infinite,
the box topology is finer than the product topology.

Theorem 2.1

Let B,, be a basis for X, for each k € K. Then the set of sets of the form
[] &
keK

where B, € B, for all k € K is a basis for the box topology on erK X, where
the set of sets of the form

I] &

keK

, where By, € B, U {X,} for all k € K with B, = X, for all but finitely many
k € K, is a basis for the product topology on erK X..

Proof:
1. First, we prove that the set in question is a basis for the box topology on erK Xy
Let U in the box topology be arbitrary. Then for all k € K, p; (U) is open in X
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Theorem 2.2

For each k € K, let X}, be a subspace of Y}, (using the subspace topology). Then the

box topology on [] X, is equal to the subspace toplogy on [ X, asa

keK keK
subspace of [| wex Yk USINg the box topology, and the product topology on

I1, s X& is equal to the subspace topology on [[, _, X as a subspace of [, _, ¥

using the product topology.

Proof: Any set in the box topology on erK X, is of the form erK U, where U, is
open in X,,. Since X, inherits the subspace topology from Y}, then U, = V|, N X, for
some V;,, which is open in Y. So

HUk:H(Vkak):HV;cﬂHXk

keK keK keK keK

where [[, .V is clearly open in the box topology on [, _, Y. So [], ;. Uy is open in
the subspace topology on [ vk X, inherited from the topology on [ vek Y. The other
direction of the proof applies the same logic, so it is omitted. Now, for the product
topology, any set in the product topology on erK X, is of the form erK U,,, where for
all but finitely many k € K, we have U, = X,. Since X, inherits the subspace topology
from Y}, then U, = V,, N X, where V}, is some open set in Y}.. So

HUk:H(Vkak):HVkaXk

keK keK keK keK

where contd. 0O

Theorem 2.3

Let Y be a topological space and let X, be a topological space for each k € K, and

let f:Y =TI .
continuous <= each component map fl Y — X, (given by

fity) = f(y) = F(y) (D) is continuous.

X,. Then when H x X uses the product topology, fis

Proof: (=) Suppose that f is continuous. Then (using either the box or product
topologies on H Xk each pI‘OJeCthI‘l map p; : Hk P Xk — X is continuous because

when U C X is open py {x €l Xi |z =m(2) € U} I, x Uk where
Uifk=1
U’“_{Xk ifk#1

which is open in [| X, (using either the box or product topology). It follows that each

component functiorllcEfI;is continuous because f; = p; o f.

(<=) Suppose that each component map f; := p; o f : Y — X is continuous and that

11 rex Sk uses the product topology. To show that f is continuous, it suffices to show that
f~1(B) is open in Y for every basic open set B in er Xy

Let B be a basic open set for the product topology on H o Xi-Say B = erK
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where each Uy, is open in X, with U, = X, for all but finitely many indices k¥ € K. Let
L C K be the finite set of all indices k € K for which U;, # X,,. We have

fU(B) = {ye Yifwe]l Uk}

keK
={yeY | fily) = f(y), € Uy for all k € K}
={yeY | f.ly) €U, forall k € L}

= n '
pas fi” (Ug)
which is open in Y since it is a finite intersection of open sets in Y (with f;*(U,) is open
in Y because U, is open in X, and f; : Y — X, is continuous). 0
Recall

R® Cl, Cl,Cl,Cl, CR®

for 1 < p < g < 0o. R denotes the set of eventually zero sequences.

Recall or verify that the p-norms on R* (or on ;) induce different topologies on
R*° or (I;).

Question: do any of the p-norms induce the box or product topology on R* C R«?
Question: Is there a norm or metric on R* which induces the box or product
topology?

Also, we have the p-norms on R". They all give the same topology on R™. More
generally, when X is a finite dimensional vector space, all norms on X induce the
same topology on X: when L : X — Y is a linear map between normed linear
spaces, L is continuous < | L|,, < co < L(?X(O, 1)) is bounded in Y. When X is
finite dimensional, B (0, 1) is compact and L(BX(O, 1)) is bounded, then L is
continuous. In particular, when X is finite dimensional and | |; and | |, are two
norms on X, then I : (X, | |;) = (X,] |l) is continuous and it is equal to its own
inverse I71(X, | ||l,) = (X, | |l;), which is continuous. So I is a homomorphism. So
forU C X, U isopenin (X,| |;) if and only if U is open in (X, | [5)-

PMATH 367 21



PMATH 367 Quotients Spaces

Remark

Consequently, every finite dimensional vector space X has a standard topology.
Pick any basis {u, ...u,, }, define

n n n
<Z LUy, Zykuk> = Zxkyk =Ty
k=1 k=1 k=1

So the map L : X — R"™ given by

n n
L kauk :Zxkekzz
k=1 k=1

is an inner product space isomorphism. Then use the inner product to define a
norm, a metric and a topology. The resulting topology does not depend on the
choice of basis.

2.2 Quotients Spaces

Let X be a set and let ~ be an equivalence relation on X. For a € X, the
equivalence class of a (under ~) is the set

[a] ={z € X |a~z}

Recall that distinct equivalence classes are disjoint and X is the (disjoint) union of
the (distinct) equivalence classes. The set of all equivalence classes is denoted by

X/~
and is called the quotient (set) of X by ~.
X/~ ={la] | a € X}

The map g : X — X/~ given by ¢(z) = [] is called the quotient map (for X /~).
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When X is a topological space, the quotient toplogy on X /~ is the topology
obtained by stipulating that for V' C X /~, V is open in X /~ <= ¢~ (V) is open in
X. This gives a topology because

L YY) =0

2. ¢ 1(X /~) = X, which is open in X

3. for an arbitrary collection {V;}, _,. open setsin X/~,

7 (k) = G
4. for any finite collection {V;}, _, of open sets in X /~,

=1 mv)zm -1V
(0. %)=, (W)

Note
When V' C X /~,s0 V is a set of equivalence classes, then

g1 (V)={zeX|q(x) eV}
={reX|[z]eV}

= U [z]=UV
[x]eV

Remark

For topological spaces X and Y,
1. When X C Y is a subset, the subset topology is the coarsest topology on X for
which the inclusion map [ : X — Y (given by [() = z) is continuous. To
see, this observe that for V openinY,

/_1(V)={:ceX\/(:c)ev}z{zeX\er}:va

2. The product topology on X X Y is the coarsest topology on X x Y for which
the two projection maps fx : X XY — X, fy- : X x Y — Y are both
continuous (fx'(U) =U x Y, fy1(V) = X x V).

3. When ~ is an equivalence relation on X, the quotient topology on X /~ is the
finest topology on X /~ for which the quotient map g : X — X/~ is

continuous.
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Note

Let X be a set and let ~ be an equivalence relation. Note that any function

g: X/~ =Y (where Y is any set) determines and is determined by a function

f X =Y, which is constant on equivalence classes (meaning that for z;,z, € X,
if £, ~ @, then f(z1) = f(2,)):

with g given by g([z]) = f(z) and with f givenby f = go g, so

f(x) = g(q(=)) = g([z]).

Theorem 2.4

Let X be a topological space. Let ~ be an equivalence relation on X and let
f: X/~ =Y. Letg: X — Y be the map given by g(z) = f([z]), thatis,g = fogq.
Then f is continuous <= ¢ is continuous.

Proof: If f is continuous, then g is continuous because g = f o ¢, which is the composite
of two continuous maps. Suppose that g is continuous. Let V C Y be open. We need to
show that f~1(V) is open in X /~. By definition of the quotient topology, f~1 (V') is open
inX/~ < ¢ (f1(V))isopenin X. But g 1 (f1(V)) = (foq) L (V) = g7 }(V),
which is open in X since g is continuous. O

For a group G and set X, a group action of G on X is a functionx : G x X — X,
which we write x (a, z) as a x z, or simply as az, such that

1. When e € G is the identity element, we have e x z = z for all xz € X.

2. Foralla,b € Gandallz € X, we have a x (b* z) = (ab) * z.

We say that G acts on X by the group action.

Remark

A group action of G on X determines and is determined by a group homomorphism
p: G — Perm(X), where p(a)(x) = a * x (the homomorphism p is called a
representation of G).

Given an action of G on X, we can define an equivalence relation on X by

T ~y<y=axx for somea € G

In this case, the equivalence class of z is called the orbit of z (we might write [z] as
Orb(z)) and we write the quotient X /~ as X /G. So

X/G = {z] | z € X}
= {Orb(z) | z € X}
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For S' = {u € R? | |u|| = 1}, we have S! x R = R?\ {0}.
Proof: Define f : S! x R — R?\ {0} by

flu,t) = elu

and define g : R? \ {0} — S! x Rby

o(0) = (5 m(leD) )

These maps are continuous (they are elementary functions) and they are inverses of
each other. Indeed, f(g(z)) = g(f(z)) = . O

S* acts on R? \ {0} = C* by (complex) multiplication. For a € R? = C,
Orb(a) = [a] = {ua | u € S'}
which is equal to the circle centered at 0 of radius ||a| (with [0] = {0}). Show that
R?/S' 22 [0,00) C R
We define
f:R?/St —[0,00)
by f([z]) = |z| and define
h:[0,00) — R2/St
by h(r) = [r] = {re’’ | § € R}.
Note that f : R?/S! — [0, 00) C R is continuous because for the map
g:R? = [0,00) C R given by g(z) = |z||, we have g = f o g. Since g is continuous
(it’s elementary), it follows that f is continuous. Also, it follows that A is continuous

because h = g o i, where i : [0, 00) — R? is the inclusion map i(r) = (r, 0). Finally,
we note that f and h are inverses by direct verification.
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R* = (0, 00) acts on R? by multiplication (or by scaling, that is by t x = tz). The
orbits are for 0 # 2 € R?,

[z] = {tx | 0 <t € R}
which is the (open) ray from 0 through x and
0={t-0]0<teR}={0}

Each of the rays [z] for 0 # z € R? intersects a unique point in S!, and this gives a
fairly natural bijective map

f:R2/R* - St U {0}

given by

o if 0 # z € R?2
Rl
fl=]) {Oif:szeIRQ
The inverse g : S* U {0} — R?/S! is given by g(u) = [u].
Note that g is continuous (g = g o k, where k is the inclusion map

k:S'U{0} - R?

)-

But f is not continuous. For example, the set V' = {0} is open in S* U {0} (indeed,
{0} = B(0,1)) but f~1(V) = [0] = {0} C R%/R* and ¢ 1({0}) = {0}, which is
not open in R?. In fact, R2/R* 2 S U {0}. One way to show this is to note that in
St U {0}, the 1-point set {0} is open, but {[0]} is not open in R?/R+.

Remark

R2/R* is not HausdorfF, so it is not metrizable (there is no metric we can define on
R2/R* for which the quotient topology is equal to the metric topology).

Z acts by addition on R (by n x £ = = + n). The orbits are the sets

[z] = {z +n | n € Z} = z + Z. Show that R/Z =~ S'.

Define f : R/Z — S' by f([t]) = e**™ = (cos 27t, sin 27t) (and note that when

[s] = [t], say s = t + n, where n € Z, we have €27 = ¢!27(t+7) = ¢i27t) Note that

27t is continuous

f is continuous because the map g : R — S! given by g(t) = e
(it’s elementary) with g(t) = f([t]), that is, g = f o g. The inverse map
h:S' — R/Z is given by h(ew) = [gw] . To see that h is continuous, we can

express h in Cartesian coordinates.
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Remark
There is an angle map

©:R2?\ {0} — [0,27)

given by
1 x . _
O(c,g) = cos (W)lfyZOOr(y—O/\x#O)
27r—cos—1(\/z§Ty2) ify<Oor(y=0Az<0)

This map O is not continuous along the positive z-axis.

In cartesian coordinates, h : S' — R/Z is given by

_ [lFe@) ity>0
h(z,y) = {[f — Lcos(z)] ity <0

That is, by

_ hi(z,y) if (z,y) € A
h(z,y) = {h;(a:,z) if (x,z) €B

where A = {(z,y) €S' | y >0}, B={(z,y) €S| y <0} and
hy(z,y) = 5= cos () and hy(z,y) = 1 — 5= cos *(z).
3 Connectedness, Path Connectedness and Compactness

3.1 Connectedness and Connected Components

Let X be a topological space. For subsets A, B C X, we say that A and B separate
XwhenA#+ @, B+ 3, ANB=gand AUB = X.

We say that X is disconnected when there exist (non-empty disjoint) open sets
U,V C X, which separate X. Otherwise, we say that X is connected.
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Remark

Note that X is connected if and only if the only subsets of X which are both open
and closed are the sets @ and X. Indeed, if X is disconnected and U,V C X are
open sets in X which separate X soU # &,V £, UNV =g, UUV = X).
Then the sets &, U, V, X are both open and closed since U = V¢ = X \ V and

V = U¢ = X \ U. On the other hand, if @ # U C X with U both open and closed
in X, then U and V = U¢ = X \ U are open sets in X which separate X.

Recall, or verify, that when X is a metric space and A C X is a subspace, A is
connected if and only if there do not exist open sets U, V in X such that
UNA+3,VNA+a3,UNV=gand ACUUYV.

Recall, or verify, that the connected sets in R are the intervals (including &, {z}, R).

Recall, or verify, that the intervals in R are the sets A C R with the intermediate
value property (Va,b,c € R,ifa < b < cand a,c, € A, thenb € A).

The non-empty connected subsets of QQ are the 1-point sets.

1-point sets are connected vacuously and if A C Q has at least 2 points, say

a,b € Qwitha < b, chooser ¢ Qwitha <r <b.ThenU ={z€Q |z <r}and
V ={z € Q| z > r} are open sets in Q which separate Q.

Theorem 3.1

If f: X — Y is a continuous map of topological spaces, and if X is connected, then
f(X) is connected (as a subspace of Y).

Proof: Suppose X is connected and f : X — Y is continuous. By restricting the
codomain, the map f : X — f(X) is also continuous. Suppose, for a contradiction, that
f(X) is disconnected. Let U and V be open sets in f(X) which separate f(X) (so
U+a,V+2,UNV =g, UUV = X). Then f~}(U) and f~(V) are open sets in X
which separate X, so that X is disconnected, giving the desired contradiction (f~!(U) and
f71(V) are open because f is continuous and f~1(U) # @ since U # @ and f~1(V) + &
since V # @, and f~H(U) N (V) + @). O
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Let X be a subspace of Y. Suppose Y is disconnected. Let U and V be open sets in
Y which separate Y. If X is connected, then X C U or X C V.

Proof: Suppose that X € U and X € V. Since U UV =Y, it follows that X N U # &
and X NV #+ & (since X € V,s0 X NV° #+ &, where V¢ =Y \ V = U) and also, these
two sets are open sets in X which separate X

XNU#EG, XNV, (XNU)NXNV)=XNUNV)=XNgZ =g,
(XNUHUu(XnNnV)=XnNnUUuV)=XNnY =X). O

Theorem 3.3

Let X = Ui Ay, where each subspace A, is connected with Nz A, # &. Then
X is connected.

Proof: Suppose, for a contradiction, that X is disconnected. Let U and V be open sets in X
which separate X. For each k € K, since A, is connected, either A, C U or A, C V (by
the previous lemma). Let p € Ny A, € U U V. Eitherp € U or p € V (but not both
sinceUNV =g).Sayp € U (sop ¢ V since U NV = @&). So we must have 4, C U.
Since A;, C U for every k € K, we have X = U, g A, C U. This is not possible since U
and V separate X (so V =U° = X \ U # @). O

Theorem 3.4

The (cartesian) product of two connected (topological) spaces is connected.

Proof: Let X and Y be two connected topological spaces. If X = @ or Y = @, then

X xY = &, which is connected. Suppose X # @ and Y # &. Choosea € X andb €Y
so (a,b) € X x Y. Since X x {b} = X and X is connected, it follows that X x {b} is
connected (since the image of a connected space under a continuous map is connected).
For each z € X, since {z} x Y =2 Y and Y is connected, then {z} X Y is connected.
Since X x {b} and {z} x Y are connected and (X x {b}) N ({z} X Y) # & (since

(z,b) € (X x {b}) N ({z} x Y)), it follows from the previous theorem that the set

A, = (X x {b}) U ({z} x Y) is connected. Since each A is connected and

Nyex A, #F @ (indeed (a,b) € A, for all z € X), it follows that U . x A, is connected.
Finally, note that U,y A, = X x Y, so that X x Y is connected. 0

Let X be a subspace of Y. Let U and V' be subsets of X (not necessarily open)
which separate X (U # &,V + @, UNV =&, U UV = X). Then U is open in
X < UﬂVz@andVisopeninX@Vﬂﬁz@,where

U = Cly(U),V = Cly (V).

Proof: U is open in X. So V is closed in X (since V = U°® = X \ U). So
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V=Clx(V)=n{K | K C X closed in X with V C K}
=N{LNX|LCYisclosed inY with V C L}
=(N{L|LCY closedeY with VCL})NX

=Uy(V)NX
=VnXx
if and only if
V=vVnXx
=VnUuv)
=(Vnu)u(Vnv)
=(Vnu)uv
=0
sinceUNV = &, sothat VNU is disjoint from V. O
Theorem 3.6

Let X be a topological space, let A, B C X be subspaces with A C B C A.If A is
connected, then so is B. In particular, if A is connected, then so is A

Proof: Suppose that A is connected. Suppose, for a contradiction, that B is disconnected.
Let U,V C B be open sets in B which separate B

U+2,V+£a,UNV =@, UUV = B).Since A is connected, and U and V are open
sets in B, which separate B, by a previous lemma, either AC U or AC V.Say A C U.
Since AC U, wehave A CUsothat BC ACTU. By the previous lemma, V' N U=, so
VNB=g.LetV C BsoV = &, which contradicts the fact that U and V separate B. [

Theorem 3.7

Let X, be connected topological spaces for each k € K. Then [] vex Xk 18
connected using the product topology.

Proof:1If X, = & for some k € K, then erK X}, = & (which is connected). Suppose that
X, # @ forall k € K.Foreach k € K, choose a, € X,..Leta € erKXk (so

a: K — Ui X;,) be given by a(k) = a, for all k € K. Let § be the set of all finite
subsets of K. For each J € &, let

}Qz{yeIIXHyV:%RWMkﬁJ}QIIXk
keK keK

We claim that Y = Hje X (where Y} is using the subspace topology, and ] rex Xk and
Hje ;X are using the product topology). This is a fairly trivial map
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Y =1

jeJ

given by f(y)(j) = y; (where y € Y; and j € J) with inverse
g:fﬁl:HXj%YJ
jeJ

given by

_ Jx, whenkeJ
9(z)(k) = {a,y€ when k ¢ J

Note that f is continuous. Indeed, given open sets U; in X for each j € J, so that
HjeJ U, is a basic open set in HJ_GJ X, we have

fl(HUJ_) :{erJlf(y)EHUj}

JjeJ jeJ

={yeY; |y, eU;foraljeJ}

={erj,|ye HY}C} where U, = X, for k€ K\ J
keK

=y,
keK

which is a basic open set in Y (using the subspace topology). Similarly, the inverse image
under g of a basic open set is a basic open set, so that g is continuous. Thus Y; = Hjej X;
as claimed. Since each X is connected and J is finite, it follows that Hje ;X is
connected (by the previous theorem and by induction, and for J = {j, ..., j, }.
HjeJ X, = (le X oo X Xjn))' Since Y = HjEJ X, it follows that Y} is connected.
Since Y} is connected, and for every J € &, and N ;_ ¢ Y; # @& (indeed, a € Y}, for all
J € &). It follows that U ;_ ¢ Y is connected. To finish the proof, show that
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When X is a topological space and S C X is a subset, we say that A is dense in X
when A = X. Note that A = X <= the only closed set K € X with

ACK (ANK®+ @)is K = X < the only openset U in X with ANU = @ is
U = & <= for every non-empty open set U in X, we have ANU # &.

When B is a basis for the topology on X, verify that A = X <= forall & # B € B,
we have AN B + @&.

To complete the proof of the theorem, it suffices to show that for every non-empty basic
open set B in erKXk,we have (U, ¢ Y;)NB# @.Let I C §.Foreachk € K, let U,
be open in X, be open in X, with U, = X, for all k ¢ I (so that erK U,, is a non-empty
basic open set in erK X;)- Then Y7 N (erK Uk) # & (since we can choose y € ¥}
with g, € Uy, for all k € I and with y,, = ay, for all k ¢ I). Since Y; C U _ ¢ Y, we also

have U, ¢ Y, N[, _, Uy # 2.

R¥ = H;i , R using the box topology is not connected. Indeed, we can verify that
the sets U = {x € R¥ | ||z||o, < 0o} = the set of all bounded sequences and

V ={z € R¥ | |z|, = oo} = the set of unbounded sequences in R, are open in
R (with the box topology) and they cover R“.

3.2 Connected Components

Let X be a topological space. Define a binary relation ~ on X by stipulating that for
a,be X,

a ~ b <= there exists a connected subspace of X with a,b € A

Note that ~ is an equivalence relation. a ~ a since {a} is connected (obviously) and
if a ~ b, then b ~ a (obviously, from the definition of ~), and if a ~ band b ~ ¢,
then we can choose connected subspaces A, B C X with a,b € Aand b,c € B and
then, by a previous theorem, since b € A N B, it follows that A U B is connected,
and a,c € AU Bsothata ~ c.

The equivalence classes in X under the above equivlance relation ~ are called the
connected components of X. (Note that the connected components are disjoint and
they cover X)
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Theorem 3.8

Let X be a topological space. The connected components of X are the maximal
connected subspaces of X. Indeed, each connected component is connected, and
every non-empty connected subspace of X is contained inside exactly one of the
connected components of X.

Proof: We claim that every non-empty connected subspace of X is contained in exactly
one of the connected components of X. Let & # A C X be a connected subspace of X.
Let a € A and let C' = [a] (and note that AN C # @). Let D be any connected component
of X with AN D # &&. Letb € AN D. Then since A is connected and a,b € A, we have

a ~ b so that C = [a] = [b] = D. Since the connected components cover A, and C is the
only connected component which intersects with A, we have A C C.

We claim that the connected components are connected. Let C' be a connected component.
Leta € Csothat C = [a] = {x € X |  ~ a}. For each z € C, we can choose a
connected subspace A, C X with a,z € A_. By the previous claim, we have A, C C and
have C' = U, A,. Since each A is connected and a € N,y A,, it follows (from a
previous theorem) that U, x A, is connected and hence C = U,y A, is connected. [J

Let X be a topological space. For a,b € X, a (continuous) path from a to bin X is a
continuous map « : [0,1] C R — X with a(0) = a and (1) = b. We say that X is
path-connected when for every a, b € X, there exists a path from a to b.

Theorem 3.9

Every path-connected space is connected.

Proof: Suppose X is path path connected. Suppose, for the sake of contradiction, that X is
not connected. Choose open sets U, V in X which separate X. Leta € U, b € V. Since X
is path-connected, we can choose a continuous map « : [0,1] C R — X with

a(0) = a, (1) = b. Then the sets o1 (U) # @ and o 1(V) # & are open in [0, 1] and
they separate [0, 1]. This contradicts the fact that intervals are connected. 0

Theorem 3.10

The image of a path-connected space under a continuous map is path-connected.
In particular, for topological spaces X and Y, if X = Y, then X is path-connected if
and only if Y is path-connected.

Proof:Let f : X — Y be continuous and let X be path-connected. Let ¢, d € f(X).
Choose a,b € X with f(a) = c and f(b) = d. Since X is path-connected, we can choose a
path @ in X from a to b. Then = f o aisapathinY from c to d. 0
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Recall

For a subset A of a real vector space X, A is convex when for all a,b € A, we have
[a,b] C A where [a, b], where [a, b] is the line segment in X,

[a,b] = {a+t(b—a) |0 <t <1}

Note

When X is a normed linear space (so it has a topology), every convex set in X is
path-connected (because the map « : [0,1] C R — X given by a(t) = a +t(b—a)
is a path in X from a to b). More generally, the image of a convex set (in a normed

linear space) under a continuous map is path-connected (hence connected).

A={z €R?|1<|z| <2} is the image of the (convex) rectangle
R=/{(r,0) e R? | r € [1,2],0 € [0,27]} under the polar coordinates map
p : R?2 — R2 given by p(r,0) = (rcos 6, rsin6).

Remark

In R™, open or closed rectangles and balls are convex. Also, open and closed balls in
a normed linear space are convex.

Using the product topology, a product of path connected spaces is path connected.
Proof: Let X, be path connected for each k € K. Leta,b € erK X, For each

k € K, choose a path oy, in X}, from aj, to by. Then the map o : [0,1] = [, _, X;,
given by a(t)(k) = a(t), = o (t) is a (continuous) path in J[, - X, from a to b. ]

Using the box topology, a product of path connected spaces need not be path
connected. Using the box topology, R = Hzi , Ris not connected, and hence not
path connected.
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Let X be a topological space. Define a binary relation ~ on X by stipulating that for
a,be X,

a ~ b <> there exists a path in X from a to b

Note that this is an equivalence relation on X. For a, b, c € X,
1. a ~ a since the constant map (k, : [0, 1] — X given by k,(t) = ¢ for all
t € [0, 1]) is a path from a to a in X.
2. If a ~ b, then b ~ a because if « is a path in X from a to b, then the map
B:[0,1] CR — X given by 5(t) = a(1 — t) is a path in X from b to a.
3. If a ~ b and b ~ ¢, then we can choose a path a in X from a to b and a path
in X from b to ¢, and then 7 : [0,1] C R — X given by

() = {Z(Qt) if0§

t<1
(2t—1)if§ <t <1

is a (continuous) path in X from a to c. y is continuous by the Glueing
Lemma.

The equivalence classes in X under ~ are called the path-components of X. We
note that X is the disjoint union of its path-components.

Theorem 3.11

Let X be a topological space. The path-components of X are the maximal path-
connected subspaces of X. Indeed, each path-component of X is path-connected,
and every path-connected subspace of X is contained in exactly one of the path-
components of X.

Proof: Let P be a path-component of X. Leta € Psothat P=[a] ={z € X | z ~ a}.
Then P is path-connected because given b,c € P, we have b ~ a and ¢ ~ a, so thatb ~ ¢
(so there is a path in X from a to b). Let A be any path-connected subspace of X. Let P
and @ be any path-components for which AN P # @and AN Q # &. Choosep e ANP
and ¢ € AN Q. Since p,q € A and A is path-connected, we have p ~ ¢ and hence

P = [p] = [q] = Q. Since the path-components cover X and A intersects with a unique
path-component P, we have A C P. O

Note

In a topological space X, since each connected subspace of X is contained in (a
unique) connected component of X, and since each path-component of X is path-
connected, hence connected, it follows that each connected component of X is a
(disjoint) union of some of the path-components of X.
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Let A= {(z,sin(1)):0<2 <1} B={(0,y): —1 <y <1}andlet

X = AU B. Verify that A= AUB = X.

Sketch proof: A C R = [0, %] x [~1,1] € R? and R is closed, so A C R. Claim
that B C A’ Letp € B,say p = (0,y) with —1 <y < 1.Lete > 0. Choose n € Z*
so that W < e. Fora= (2nf_3)ﬂ, b= <2nil) we have 0 < a < b < € and one
of sm((ll) and sm( 1) is equal to 1 and the other to —1. By IVT, we choose z € [a, b]
so that sm( 1) = y and then (x sm( )) € A with

|(z,sin(1) — (0,y))| =z <b<e.

Now, since BC A, X =AUBC AUA’ = A and we have A C R. To show that
A = X, it suffices to show that (z,y) € R, (z,y) ¢ AUB = (z,y) ¢ A'.

Let (z,y) € R with (z,y) ¢ AU B. Since (z,y) ¢ B, we have £ > 0 and since
(z,y) ¢ A,y #+ s1n( ) Let 6y = ‘y — sm( )| (choose § > 0 so that

vte (0,1], ]t —z| <6 = |sin(F )—sm(i)‘ 527/ So

|sm(t) — y‘ > |y— sm( )’ — |s1n( ) —sm( )| > 5y . Then for e = m1n<5 )
we have B((z,y),¢) C (z — 9,z + ) x (y— i,y—l— 5y) So that

B((z,y),e) N A = @. We have X = AU B = A. Note that A is path-connected
because it is the image of the convex set (O %] under the continuous map

g:(0,1] — R? given by g(z) = (z,sin(L)). Also B is convex, hence path-
connected. Note that X is connected because A is connected and X = A. We claim

that X is not path-connected, indeed there is no path from a point in A to a point in
B. Since A and B are path connected with (1,0) € A and (0,0) € B, it suffices to
show that there is no path in X = AU B from (%, 0) to (0,0) (fora € A,b € B, if
a ~ b, then since (£,0) ~ a,a ~ b,b ~ (0,0) so that (20) ~ (0, 0)). Suppose, for a
contradiction, that there is a path a : [0,1] = AU B from (£,0) to (0,0) in

X = AU B. Note that the map « : [0, 1] — R? is continuous, say « is given by

a(t) = (z(¢t),y(t)), where z,y : [0,1] — R are both continuous with

(z(y),y(t)) € X = AU Bforallt € [0, 1] and with

z(0) = ,2(1) = 0,y(0) = y(1) = 0. Also recall that when (z,y) = X = AUB
with z > 0, we have (z, y) € Asothaty =sin(L). Since z : [0,1] — Ris
continuous with z(0) = £ and (1) = 0 by the IVT, we can choose

0<t; <ty <..<lsothata(t,) = gips
y(t,) = sin(ﬁ) =sin((2n +1)F) = (=1)™ Since (t,,), _,
bounded above (by 1), it converges with lim t,=s= sﬁp{tn lneZt}<1

n—oo 'n

and hence

is increasing and

and we have 0 < ¢, < s < 1foralln € Z". Since ¢, — s and since « is continuous
at s, we have

(z(s),y(s)) = a(s) = lim,,_, . a(t,) = (lim,_, z(t,),lim,,_, . y(t,)). We have
lim,,_, . y(¢,) =lim,_, (—1)™, which does not exist. So, in conclusion,

X = AU B is connected, but not path connected. Since X is connected, it only has
one connected component, namely X. Since X is not path connected, it has at least
two path components. So, since A and B are path connected with X = A U B, then
A and B are the two path components of X.
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R is connected, so the only connected components of R is R.

in Q, the non-empty connected sets are the 1-point sets. The components of Q (and
the path components of Q) are the 1-point sets.

The intervals in R are equal to the connected sets in R (exercise). Note that the sets
A in R with the intermediate value property are the convex sets in R.

Prove that for A C R, A is convex (it satisifies the Intermediate Value Property) <=
A is connected.

If A is not convex, we can choose a,bx € R witha < z < b ad with a,b € A but

x ¢ A. But then the sets (—oo,z) N A and (z, 00) N A are (non-empty, disjoint)
open sets in A which separate A. For the other direction, suppose that A is convex
and suppose, for the sake of contradiction, that A is not connected. Choose open
sets U,V C A which separate A. Choose a € U,b € V.Since UNV # &, a # b,
say a < b. Note that since A is convex, then [a,b] C A, and the set U N [a, b] and

V N [a, b] are open sets in [a, b] which separate [a, b].

3.3 Compacrness

Let X be a topological space. For a set S of subsets of X, we say S covers X (in X),
or that S is a cover of X (in X), when X =US = U, 5 A.

When S is a cover of X (in X), a subcover of S (of X in X) is a subset R C S such
that X = UR.

An open cover of X (in X) is a set of open sets in X which covers X.

We say that X is compact (in X) when every open cover of X is a finite subcover.
So X is compact (in itself) when for every set S of open sets in X with X =U S,
there exists a finite subset R C S with X = UR.

Theorem 3.12

The image of a compact set under a continuous map is compact. In particular, for
topological spaces X and Y, if X = Y, then X is compact if and only if Y is
compact.

Proof:Let f : X — Y be a function between topological spaces. Suppose that X is
compact and that f is continuous. Note that (by restricting the codomain) the map

f: X — f(X) is continuous. We claim that f(X) is compact (in itself). Let 7 be an open
cover of f(X).LetS = {f~'(V) | V € T}. Then S is an open cover of X (each f~}(V) is
open since f is continuous). Since X is compact, S has a finite subcover, so we can choose
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Vi,...V,, € T sothat X = U, f~1(V;). Then f(X) = Up_, V, so that {V;, ...,V } isa
finite subcover of 7. Thus f(X) is compact, as claimed. O

Theorem 3.13 Heine-Borel

For A C R", A is compact if and only if A is closed and bounded.

Let X be a subspace of Y. For a set 7 of subsets of Y, we say that 7 covers X in Y,
orthat T isacoverof XinY, when X CU7T.When T isacoverof XinY,a
subcover of 7 (of X inY) is a subset R C 7 such that X C UR. An

open cover of X in ¥ is a set 7 of open sets in Y with X C U 7. We say that X is
compact in Y when every open cover of X in Y has a finite subcover (of X in Y).

Theorem 3.14

Let X be a subspace of Y. Then X is compact (in itself) if and only if X is compact
inY.

Proof: Suppose X is compact (in X). Let 7 be an open cover of X in Y (the elements in 7
areopeninY and X CUT).Let S = {V NX | V & T} Note that S is an open cover of
X (in X). Since X is compact (in X), we can choose V;,V;, ..., V., € T such that

X=Up, (V,NX)=(Up_, V)N X.Then X C Up_, V, sothat {V},V;,...,V, }isa
finite subcover of T (for X in Y). Suppose, conversely, that X is compact in Y. Let S be an
open cover of X (in X). For each U € S (so U is an open set in X), we choose V;; open in
Y suchthat U = V; N X. Then T = {V}; | U € S} is an open cover of X in Y. Since X is
compact in Y, we can choose Uy, ..., U,, € S such that X C Up_; V;, . Then

X = (Upy V) n X =Up_, (Vy, N X) = Up_, U, So that {U,, ..., U, } is a finite
subcover of § (of X in X). O

Remark

When X is a subspace of a metric space Y (but not in general, when X is a
subspace of a topological space), we have an analogous result for the connectedness
of X inY: X is connected in Y when there do not exist open sets U and V in Y’
which separate X in Y, meaning that

UNX+#g,VNX+a,UNB=g,X CUUV. Verify that (when Y is a metric
space) X is connected (in itself) if and only if X is connected in Y.

Theorem 3.15

Every closed subspace of a compact space is compact
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Proof: Let X be a subpace of Y. Suppose Y is compact (in Y) and that X is closed in Y.
Let S be an open cover of X in Y. Since X is closed in Y, then X¢ =Y \ X isopeninY.
Note that S U {X*°} is an open cover of Y (in Y'). Since Y is compact, we can choose a
finite subcover of S U {X*“}. So we can choose a finite subset R C S such that R U {X*°}
covers Y. Then R is a finite subcover of S (of X in Y)). O

Theorem 3.16

Every compact subspace of a Hausdorff space is closed.

Proof:Let X C Y be a subspace. Suppose that X is compact and Y is Hausdorff. We shall
prove that X¢ =Y \ X isopeninY.Let b € X°. For each a € X, since Y is Hausdorff,
we can choose disjoint open sets U, and V in Y with a € U, and b € V. Note that

S ={U, | a € X} is an open cover of X in Y. Since X is compact (in itself, hence also in
Y), we can choose ay, ...,a, € X suchthat X CUp_, U, .LetU = Uj_; U, and let
V=iV, (s0b€V) Notethat X C U and U NV = J (since if we had

z €U =U_, U, , we could choose k so that z € U, andthenz ¢ V, (since

U, NV, #@)soz ¢ Ni_; V). Since X C UandU NV = &, we also have

XNV =@ sothat V C X° We showed that for every b € X¢, there exists an open set V
inY withb € V C X¢ It follows that X° is open in Y, hence X is closed in Y. O

Theorem 3.17

Let f : X — Y be a map between topological spaces. Suppose f is continuous and
bijective, and X is compact and Y is Hausdorff. Then the inverse map f~':Y — X
is continuous so that f is a homeomorphism.

Proof:Let g = f~' : Y — X. To show that g is continuous, we show that g~!(K) is
closed in Y for every closed set K C X. Let K be a closed set in X. Since g = 1 we
have g~} (K) = f(K). Since K is closed in X and X is compact, then K is compact. Since
K is compact and f is continuous, then f(K) is compact. Since f(K) is a compact
subspace of the Hausdorff space Y, f(K) is closed in Y. Thus g~ (K) = f(K) is closed in
Y for every closed set K in X, hence g is continuous. For f : [0,27) — S! given by

f(8) = ¢e¥, £~ is not continuous at 1 = (1,0) € S'. O
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Recall that R 2 (0, 1), S* x R =~ R?\ {0}, R/Z = S!.

Moreover, R 2 [0, 1] since [0, 1] is compact, but R is not. Also, R 2 [0, 1) because
[0,1) \ {0} = (0,1) is connected, but R \ {p} = (—o0,p) U (p, 00) is not connected
(if £ :[0,1) — R was a homeomorphism, and f(0) = p, then by restricting the
domain and codomain for f and f~!, the map f: [0,1) \ {0} — R\ {1} would be a
homeomorphism).

Further, no two of the spaces R, Rz, St, S? are homeomorphic. Indeed, R! and R?
are not compact while S and S? are compact, and R! 2 R? because R? \ {0} is
connected, but R \ {p} is not connected for any p € R, and S! 2 S? because

S\ {p} = R! and S? \ {q} = R? using stereographic projection but R! 2 R2.

When n,m € Z withn £ m, R® 2 R™,S” 22 S™, T™ 2 T™. Note that T is a
taurus.

S? 2 T2 = S! x S! and more generally, S® % T" = H:_l St=8!' xS! x...x S

Theorem 3.18

Let X be a topological space. Then X is compact if and only if X has the following
property, which we call the finite intersection property on closed sets:

For every set T of closed subsets of X, if every finite subset of 7 has non-empty
intersection, then N T # &.

Proof: X is compact if and only if for all sets .S of open sets in X with X = U S, there
exists finite R C S with X = U R, if and only if for all 7 of closed sets in X with

NT = g, there exists finite @ C T with N Q = & (by taking
T={Uc|UeS},S={K°|KeT},Q={U°|Ue€R},R={K°| K €@Q}),ifand
only if for all sets T of closed sets in X, if N T = @&, then there exists finite @ C T with

N Q = @, if and only if for all 7 of closed sets in X if for all finite @ C 7,N Q # &, then
NT + . O

A partially ordered set is a set X with a partial order < which statisifes
Ve,ye X,o<z,(c<yANy<z)=z=y, (e <yAy<z)=z<z

A Chain in X is a subset C' C X such that Vz,y € C (z <y Vy < z). When
C C X, an upper bound for C'in X is an element b € X with b > z for every
xzeC.
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Let X be a partially ordered set. If every chain in X has an upper bound in X, then
X has a maximal element (Ja € X, 4z € X, a < z).

Theorem 3.20 Tychonoff’s Theorem

The product of a set of compact spaces is compact, using the product topology.

Proof: Let K be a non-empty set, and let X, be a compact topological space for each
k € K. To prove that [], ..
property on closed subsets. Let T' be any set of closed subsets of erK X, such that for
every finite R C T,N R # &. We must show that N T # &. By Zorn’s Lemma, there
exists a maximal set S of (not necessarily closed) subsets of ]| ek X, which contains T,

X, is compact, we shall show that it has the finite intersection

such that intersections of finite subsets of S are not empty. Note that by the maximality of
S, S is closed under finite intersection (if A, ..., 4,, € S,then SU{A4; N...N A, } has
the property that intersections of finite subsets are non-empty). We shall show that
N {Z | Ae S} #+ @and hence N T # & because T C S and A € T = A is closed
= A=AsothatT C {Z | Ae S}.Foreachindexk € K, letp, : [[, _, Xp = X, be
the Ith projection map. Consider {p;(A) | A € S}. Since finite subsets of
S = {A | A € S5} have non-empty intersection, therefore, finite subsets of

p,(A) | A € 5} have non-empty intersection, therefore, finite subsets of

p;(A) | A € S} have non-empty intersection. Since X, is compact and finite subsets of

p(A) | Ace Si have non-empty interection, it follows that N {m | Ae S} # .50
we can choose a;, € X, so that a;, € p,(A) for every A € S. We do this for each k € K to
getan element a € [[, _, X such that Vk € K,VA € S, a, € pj,(A). We shall prove that
a € Afor every A € S. It suffices to show that U N A # & for every basic open set U in
I, Xk witha € U. Let U be a basic open set in [[, _, X}, witha € U. Say
U = [l Ur- where each U}, is open in X}, with a;, € U, and with U, = X for all
k ¢ J, where J is a finite subset of K. For each k € K, for each A € S, a;, € p,(A), so
pp(A) NU, # @, hence AN p;(U,) # @. Since p;1 (U,) N A # & for every A € S, we
have p;;}(U,,) € S (if p 1 (U,,) ¢ S, then S ¢ S U {p;1(Uy)} but S U {p;;}(U,)} satisfies
(1) and (2)). Then we have

L U={zcll, Xl cUVhe K} ={zell,_, X |z, €UVke

J}= fo €Ml p Xi I pp(@) €Uk e T} ={z €Tl X | € (U)Vh € T} =
Nies Pk (Ux)
Since each p;}(U},) € S, then U = Ny, p; (Uy,) € S (if A4, ..., A,, € S and
AiN..NA,#SthenS ¢ SU{A, N..NA,}but SU{A; N...NA,} satisfies (1)
and (2)). Since U € S, we have U N A # ¢ for every A € S (since S satisfies (1)). This
shows that for every A in S, for every basic open set U in [| wex Xk Witha € U, we have
UNA+ @andhence a € A. Thus we havea € Aforall A € S,s0a €N {Z | Ae S},
henceaeﬂT,sinceTg{Z\AES}. 0
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[0,1]* is compact in R¥, using the product topology.
Show that [0, 1]* is not compact when R* uses the box topology.

4 Countability and Separation Axioms

Let X be a topological space.

1. We say that X is first countable when for each a € X, there exists countable
(finite or infinitely countable) set B of open sets in X such that for every open
U in X with a € U, there exists B € B such thata € B C U.

2. We say that X is second-countable when there exists a countable basis B for
the topology on X.

3. We say that X is Lindeloff when every open cover of X has a countable
subcover. We say that X is separable when there exists a countable dense
subset A in X.

Theorem 4.1

1. Every metric space is first-countable.
2. For every metric space X, X is second-countable <= X is Lindeloff <= X is
separable.

Theorem 4.2

Let X be a topological space. If X is second-countable, then X is first-countable, X

is Lindeloff and X is separable.

Proof: Suppose X is 2nd countable, and let B be a countable basis for the topology on X.
It is clear that X is first countable (for each a € X, let B, = B). To show that X is
Lindeloff, let S be an open cover of X. For each a € X, choose U, € S with a € U,, then
choose B, € Bwitha € B, CU,. Then {B, | a € X} is an open cover for X and it is
countable since {B, | a € X} C B. Choose a,, a,, ... in X such that

{B,|a€e X} = {Bal, B,,, } Then {Ua17 U, } is a countable subcover of X (since
given a € X, we have a € B, and we can choose k so that B, = B, and then

a € B, CU,) To prove that X is separable, write B = { By, B,, ...}. Foreach k > 1,
choose a;, € By, thenlet A = {a;, a,, ...}. Then A is dense in X because for each
k>1,a, € AN By, so that AN B;, # & (when X is a topological space and A C X, A is
dense in X if and only if A = X iff for every a € X, a € A iff for every a € X, for open
set U in X with a € U, we have AN U # & iff for every basic open set B € B (where B is
any basis for X), we have A N B # @). 0
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Warning

When X is not second-countable, the other 3 properties do not imply one another.

1st countable | Lindolff | Separable | 2nd countable

R, v v v
% v v X X
T v X v X
R X v v X
R, X v X X
Ry v X X X
exercise X X v X

I2 denotes the topological space using the set I2 = [0, 1] x [0, 1] and using the
dictionary order topology.

T (possibly called the Moore plane) is the topological space which uses the set R2,
whose underlying set is the closed upper half plane using basic open sets of the
form

B((a,b),r),0<r<b
and of the form
(B((a,0),r)NT) U{(a,0)}

R, is the set R using the cofinite topology (the closed set are the finite sets and R).

Theorem 4.3
1. Every subspace of a first countable space is first countable
2. Every subspace of a second countable space is second countable.

Proof: Exercise. 0

Theorem 4.4

1. The product of any two first countable spaces is first countable.
2. The product of any two second countable spaces is second countable.
3. The product of any two separable spaces is separable.

Proof: Exercise. O
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The subspace of a Lindeloff space is not necessarily Lindeloft.
A subspace of a separable space is not necessarily separable.
The product of two Lindeloff spaces is not necessarily Lindeloff.

Let X be a topological space.

1. We say X is T'1 or that the 1-point subsets of X are closed when the 1-point
subsets of X are closed in X.

2. We say that X is T'2, or that X is Hausdorff, when for all a,b € X with a # b,
there exist disjoint open U and V in X witha € U andb € V.

3. We say that X is T'3, or that X is regular, when 1-point subsets of X are
closed, and for all a € X, and for every closed set B in X with a ¢ B, there
exist disjoint open sets U and V in X witha € U and B C V.

4. We say that X is T4, or that X is normal, when 1-point subsets of X are
closed and for any two disjoint closed sets A and B in X, there exist disjoint
opensets U and Vin X with ACU and BC V.

5. We say that X is metrizable when there exists a metric on X for which the
metric topology is equal to the topology on X.

Theorem 4.5

Let X be a topological space.
1. If X is metrizable, then X is normal.
2. If X is normal, then X is regular.
3. If X is regular, then X is Hausdoff.
4. If X is Hausdorff, then the 1-point subsets of X are closed.

Proof: An exercise. 0
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Not every space X in which the 1-point subsets are closed is Hausdorff:
for example, let X be any infinite set with the cofinite topology.
Not every Hausdorff space is regular:
for example, let K = {% in € Z*} and let R, be the topological space whose
underlying set is R with basis consisting of sets of the forms (a, b) with a < b and
(a,b) \ K with a < b. This space is Hausdorff but not regular because teh point 0
cannot be separated from the closed set K.
Not every regular space is normal.
for example, verify that

1. R, is normal (hence regular)

2. the product of two regular spaces is regular

so that, in particular, R; x R; is regular, but
1. R; x R, is not normal.

Proof:

1. Itis clear that R; is Hausdorff. Let A, B be disjoint closed sets in R;. For each
a € A, since B =R\ B is open with a € B¢, we can choose r, > a so that
[a,7,) N B = @. For each b € B, choose s, > b so that [b, s;,) N A = &. Then
the sets U = Uy y [a,7,) and V = Uy [b, ;) are disjoint open sets in R,
withACUand BCV.

2. Exercise.

3. Consider the diagonal L = {(z; — z) | # € R}. Note that the subspace
topology of L is the discrete topology. Also, note that L is closed in R; x R;.
Thus, every subset A C L is closed in R; x R,. Suppose, for a contradiction,
that R; x R, is normal. Then given any A C L, we can find disjoint open sets
UjyandV, inR; x R, with A C U, and L \ A C V}, and to be specific,
choose, Uy = &,V = R, x R;,U;, = R; x R}, V}, = &. Define
F:P(L) — P(Q?%) by F(A) = U, N Q2. Note that F is injective. Thus
F(A) + F(B).

Note

Verity that all of the countability properties and separation properties in this
chapter are invariant under homeomorphism (if X ¢ Y, then X has one of the
properties if and only if Y has the same property).
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R, is not second countable.

Proof: let B be any basis for R,. For each a € R;, choose a basic open set B, € B
with a € B, C [a,a + 1) and note that = min B,. Define F' : R; — B by

F(a) = B,. Then F is injective since if F(a) = F(b), then B, = B;. So

a = min B, = min B, = b. Since F is injective, then 2% = |R,| < | B, so that B is
uncountable. O

Theorem 4.6

Every subspace of a T'1 space is T'1, every subspace of a Hausdorff is Hausdorff,
every subspace of a regular space is regular, and every subspace of a metrizable
space is metrizable.

Proof:

1. Let X C Y be a subspace. Suppose Y is T'1. For a € X, {a} is closed in Y and
{a} ={a} N X, soitis closed in X.

2. Let a,b € X with a # b. Since Y is Hausdorff, we can choose disjoint open sets U
and VinY witha € Uand b € V. Then U N X and V' N X are disjoint open sets in
XwithaeUNXandbeVNX.

3. Suppose Y is regular. Since Y is T'1, so is X. Let a € X and B be a closed set with
a ¢ B.Note that since B is closed in X, B = Cly(B) = BN X, where
B=Cly(B).Sincea € X anda ¢ B= BN X, wehave a ¢ B. Since Y is regular,
we can choose disjoint open sets U and V in Y witha € U and B C V. Then U N X
and V N X are disjoint open sets in X witha € UNXand B=BNX CVNX.

4. The proof that subspaces of metrizable spaces are metrizaible is an exercise.

Remark

A subspace of a normal space need not be normal. We shall soon see that for any set
K, [0,1]* is normal. It can (maybe) be shown that (0,1)* C [0, 1] is not normal
when K is uncountable.

Theorem 4.7 Alternative Definition of Regularity

Let X be a T'1 space. Then X is regular if and only if for every a € X and every
open set W in X with a € W, there exists an open set U in X with
acUCUCW.

Proof: (=>)Suppose X is regular. Let W be an open set in X and let a € W. Then W€ is
closed and a ¢ W*, so, since X is regular, we can choose disjoint open sets U and V in X
witha € U and W¢ C V. Since U NV = &, we have U C V¢ which is closed, so U C V¢
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and since W¢ C V, we have V¢ C W,sowehavea € U CU C VC C W.

(<=) Suppose, conversely, that for every open W in X and every a € W, there exists an
openset U in X witha € U C U C W.Leta € X and let B be a closed set in X with

a ¢ B. Taking W = B¢, we choose an open set U in X witha € U C U C B¢ Let

V= (ﬁ)c, which is open. Since U C B¢, we have B C (ﬁ)c =V, and since U C U, we
have U NU¢ = @, thatisU NV = @&. 0O

Theorem 4.8

For each k € K, let X, be a topological space and let A;, C X.. Then using either
the product or the box topology,

T 4=T]4

keK keK

Proof:For eachl € K, let p; : er Xk — X, be the I’th projection map. Since p; is
continuous and 4, is closed in X, p;° ( ) {m € Hk Xkl € Ak} is closed in
I, ¢ X It follows that

HAk—{xe HkakeAkaeK}

ke K ke K
= 0P (4)

is closedin [, _,. X} Since [, _, Ay C erKIk and [, A, is closed, we have

I, cx Ar € Hk K A, Letbe H x Ar- To show that b € T[, _, Ay, it suffices to show
that for every open set Win [], . Xk withb € W, we have [, .. Ay NW # &. Let W
be any open set in [, _, X with b € W. Choose a basic open set U in [], _,. X}, with
beU,sayU = erK U,,, where each U, is open in X, with b, € U,. For each k € K,
since b € [[ Ay, so by, € A, we have A, N U, # @. Since A, N U, # @ forall k € K, we
have [T, A, NU =TI, A NI, ;e U =11, (A N UL) # 2. O

Theorem 4.9

Using either the product or box topology, every product of T1 spaces is T1, every
product of Hausdorff spaces is Hausdorff, and every product of regular spaces is
regular.

Proof: Let X, be a topological space for each k € K. Suppose each X, is T'1. Note that for
a €[], X foreach k € K, since X is T'1, {a;,} = {a;} in X. Also note that for
a€ll, jXe

(a) =2 e [[ X, | 2 = a vk € K} = {zrell, . Xk | o, € {a}VE e K}

= erK{ak} .Soin

I, X, {a} = L, {ant = I, {an} =TI, {ar} = {a}. Now, suppose that each
X, is Hausdorff. Let a,b € erK X, with a # b. Since a # b, we can choose | € K such
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that a; # b;. Since X, is Hausdorff, we can choose disjoint open sets U, and V] in X, with
a; € Uyand by € V. Let Uy, =V, = X} forallk € K withk # . ThenU =], __, U and
V= erK V. are disjoint open sets in erK anda € U and b € V. Now, suppose each
X is regular (and hence T'1, so that erK X, is T'1). To show that erK X, is regular,
we show that for every open W in [] veK X, and every a € W, there exists an open set U
inWwitha €U CU C W.Leta € ], _, X, andlet W be an open setin [], _,. X},
with a € W. Choose a basic open set Vin [[, .. X} witha € V. C W, say V =][, . Vi,
where each V, is open in X, with a;, € V;.. For each k € K, since X, is regular, we can
choose an open set U, in X, with a € U, C U, C V;, choosing U, = X, whenever

Vi = Xy, thenfor U =[], _,. Uy, we have

acUCU=[[U=]]Gc][%=Vvew

keK keK keK
0

Remark
Products of normal spaces are not necessarily normal (for example, R; is normal,
but R; x R, is not).
Theorem 4.10

1. Every compact Hausdorff space is normal.

2. Every regular, second countable space is normal.

3. Every ordered set (with maximum or a minimum element), using the order

topology, is normal.

Proof: Exercise. O
Theorem 4.11 Urysohn’s Lemma
Let X be a normal topological space and let A and B be disjoint closed sets. Then
there exists a continuous map f : X — [0, 1] C R such that f(z) =0forallz € A
and f(z) = 1forallz € B.

Proof: Snew Ch. 4 0
Theorem 4.12 Urysohn’s Metrization Theorem
Every regular, second-countable topological space is metrizable.

Proof: Snew Ch. 4 O
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5 Topological Manifolds

A topological space X is locally homeomorphic to R™ when X has an open cover
S such that every U € S is homeomorphic to an open set in R™.

An n-dimensional topological manifold, also called a (topological) n-manifold,
is a Hausdorff, second-countable topological space X which is locally
homeomorphic to R™.

When X is an n-manifold, for each a € X, we can choose an open set U, in X with
a € U, and a homeomorphism ¢, : U, C X — ¢,(U,) C R" from U, (which is
open in X) to ¢, (U,) (which is open in R"). S = {U, | a € X} is an open cover of
X.When S = {U,, | k € K} is an open cover of X and for each k € K, we have a
homeomorphism ¢, : U, C X — ¢, (Uy,) C R™ from U, to an open set ¢, (U,) in
R™, the sets U}, are called coordinate neighbourhoods and the homeomorphisms
o : Uy, = ¢, (Uy,) are called (coordinate) charts, and the set A = {p,, | k € K} is
called an atlas for X. The homeomorphisms ¢,¢; ! : ¢,(U, NT;) — ¢, (U, N T,)
are called transition maps, or change of coordinate maps.

R" is an n-manifold. We can use one chart ¢ : R™ — R™ where ¢ is the identity
map.

Any n-dimensional real vector space X is an n-manifold: choose a basis
{uq,...,u, } for X, and define ¢ : X — R"™ by go(z:;l tiui) =G

Any open subset of an n-manifold is an n-manifold. For example, the vector space
M, (R) of n x n matrices is an n2-manifold and

GL,(R) = {A € M, (R) |det(A) # 0} is an open set in M, (R). The n-sphere

S™ = {z € R"*! | |z| = 1} is a compact n-manifold: we can use two charts. Let

P =¢€,.1 = (0,...,0,1). Then the stereographic projections ¢ : S* \ {p} — R"™ and
1 : S™\ {—p} — R™ are homeomorphisms.
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On S”, we could also let U, = {x € S" | &, > 0}, V;, = {z € S" | z;, < 0} and
define

v, : U, = B(0,1) CR™

and
¥, : Vi, = B(0,1) CR"
by
(60 oy 3yns))) = (€805 oo Oy cocry By
= (2, oer Tp1) Thg1s o Tyt )
and

Yu(Z1, s Tpgq) = (T4, oos Ty oy Ty 1)

w;l(yl’ "’7yn) = (yh o Ye—1) 1- Hy”2>$yk’ =3 Yn

When X is an n-manifold and Y is an m-manifold, the product X x Y is an

(n + m)-manifold.

1 St = 8! x S! x ... x S! is an n-manifold.

For example, the n-torus 7" = []
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For a real vector space W, the projectivization of W is the set P(W) of 1-
dimensional subspaces of W,

B(W) = {[a] | 0+ 2 € W}

where [z] = spang ({z}).

An element in P(W) is called a point in P(W), a line in P(W) is a set of the form
P(U) for some 2-dimensional subspace U in W, and a plane in P(W) is a set of the
form P(U) for some 3-dimensional subspace of W'.

The n-dimensional real projective space is the set

P" = P"(R) = P(R"*!) = {[z] | 0 # z € R}

where [z] = spang ({z}). We give P"®) a topology by identifying it with the
quotient space (R™! \ {0})/R*. Under this identification,

P =P (R) = {[z] | 0 # = € R}

where [z] = {tz | t € R*} = spang({z}) \ {0}

Show that (R™* \ {0})/R* = S"/{+1}.

Note

P" = P"(R) is an n-manifold.

Remark

P2 is is not orientable.
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1. Let X = RU {p}, where p ¢ R, with the topology generated by the basis
consisting of sets (a,b) C R witha,b € R,a < b, and (a,0) U {p} U (0,b)
where a < 0 < b. Then X is locally homeomoprhic to R! (and X is second-
countable), but X is not Hausdorff (since 0 and p cannot be seaparated by
disjoint open sets).

2. There are well-ordered sets, called ordinals, such that every well-ordered set
is isomorphic to a unique ordinal. The first “few” ordinals are
0=0,1={0},2={0,1},..,n+1=nU{n}, ..o =N={0,1,..},w +.
l=wU{w}.,Q =¥
There is a first uncountable ordinal Q. We give the set Q x [0, 1) the
dictionary order topology, and the long line is the subspace

L= (2x[0,1))\{(0,0)}

L is locally homeomorphic to R! (and is Hausdorff), but is not 2nd countable.

Show that every Hausdorft space which is locally homeomrphic to R is regular
(hence also metrizable).

Remark

It can be shown that every compact n-manifold is homeomorphic to a subspace of
R™ for some m € Z.

On IPad.

6 Fundamental Group

6.1 The Fundamental Group
Recall

Let X be a topological space with a,b € X. Recall that a path from a to bin X isa
continuous map « : [0,1] C R — X with a(0) = a and «(1) = b. Recall that a loop
at a in X is a path from a to a in X.
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Given two paths « and § from a to b in X, an (endpoint-fixing) homotopy from « to
B in X is a continuous map F : [0, 1] x [0,1] — X such that F'(0,¢) = a(t) and
F(1,t) = B(t) forallt € [0,1] and F(s,0) = a and F(s,1) = bforall s € [0,1].
We say that @ is homotopic to 3 in X and we write o ~ (3, when there exists a
homotopy from a to 5 in X.

Theorem 6.1

Homotopy equivalence is an equivalence relation on the set of all paths from a to b
in a topological space X.

Proof: Let o, § and «y be paths from a to b in X. Then a ~ «, indeed the map

F:[0,1] x [0,1] — X given by F(s,t) = a(¢) for all s € [0, 1] is a homotopy from « to 3
in X.

If @ ~ 8, then § ~ @, indeed if F' : [0,1] x [0,1] — X is a homotopy, from « to 8 in X,
then G : [0,1] x [0,1] — X given by G(s,t) = F(1 — s,t) is a homotopy from 3 to  in
X.

Finally, if « ~ 8 and 8 ~ +, then a ~ ~: indeed, if F' is a homotopy from « to S in X and
G is a homotopy from f to 7 in X, then the map H : [0,1] x [0, 1] — X given by

H(s.t) F(2s,t)for0<s<1,0<t<1
S =
’ G(2s—1,t)f0r%§5§1,0§t§1

For a topological space X and a point a € X, we let I, (X, a) be the set of
equivalence classes of loops at a in X under homotopy equivalence:

II,(X,a) = {|a] | @ is a loop at a in X}
where

[a]={B | Bis aloop at a in X with 8 ~ a}
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For a topological space X with a, b, c € X, the constant loop «, at a in X is the

loop £, : [0,1] — X given by k,(t) = a for all t € [0, 1]. For a path @ in X from a
to b, the inverse path o' in X from b to a is the map o' : [0, 1] — X given by
(a™1)(t) = a(1 — t). For a path @ in X from a to b, and a path 8 in X from b to c,
the product path a3 in X from a to c is the map a8 : [0, 1] — X given by

_ Ja(2t),0<t
(aB)(®) = { N

IA

Theorem 6.2

For a topological space X with a € X, 7, (X, a) is a group with identity 1 = [x,]
and with [a]™! = [a!] and with [][8] = [a8]. This group is called the
fundamental group, (or the first homotopy group of X at a).
Indeed, we have the following:

1. For paths @ and B from a to b in X, if @ ~ Bin X, then o1 ~ 71 in X.

2. For paths o and 8 from a to b in X and for paths v and ¢ from b to ¢ in X, if

a~ fin X andy ~ d in X, then ary ~ 3§ in X.
3. Forapathafromatobin X, k,a ~ ain X, ak, ~ ain X.

4. For apath afromatobin X, aa™! ~ k, in X and o la ~ K, in X, and
5. For a path « from a to b, and a path 8 from b to ¢, and a path ~y from ¢ to d in

X, we have (af)y ~ a(B7).

Proof:
1. Exercise.
2. Exercise.
3. Let a be a path in X from a to b. We claim that k,a ~ o in X and aa™! ~ K, in X.
To show that k,a ~ a in X, we define F : [0,1] x [0,1] — X by

Flot afor0<s<1,0<t <5
B0 =1a(25) for0< s <152 <1< 1

Verify that F is indeed a homotopy from x, o to o in X.

1

4. To show that aa™! ~ &, in X, we define a homotopy from aa™! to s, in X.

5. Exercise.
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The Fundamental Group of S! (and of C!):
I, (C*1) = (o) =2 Z,
I, (S, 1) = (o) = Z where o : [0,1] — S! C C* is given by o(t) = €27

Theorem 6.3 Polar Coordinate Representations

1. Path Lifting:
Let : [0,1] — C* = C\ {0} be a continuous map with a(0) = p. Choose
6, € R so that p = |p|e*% (6, is unique up to an integer multiple of 27). Then
there exist unique continuous maps r, 6 : [0, 1] — R with 7(¢) > 0 for all
t € [0,1] and with 8(0) = 6,, such that a(t) = r(t)e??®) for all t € [0,1].

2. Homotopy Lifting:
Let F': [0,1] x [0,1] — C* be a continuous map with F'(0,0) = p. Choose
6, € R such that p = |p|e*. Then there are unique continuous maps
R,0:[0,1] x [0,1] — R with R(s,t) > 0 for all s, ¢ and with ©(0, 0) = 6,
such that F(s,t) = R(s,t)e!®®?) for all s, .

Note

1. For « as above, if « is differentiable or C, or piecewise C' 1 etc, then so are
the maps r and 6.
2. For a continuous map « : [a,b] C R — C\ {w} with a(a) = p = |p|ei®,
there exist unique continuous maps r, 8 : [a,b] C R — R with r(¢) > 0 for all
t € [a,b] and with 8(a) = 6, such that a(t) = w + 7(t)e?®® for all t € [a, b].
3. For a continuous map « : [a,b] C R — C\ {w} with
a(t) = w4 r(t)e?®® = w + p(t)e??® with r, p, §, & continuous,
r(t) > 0,p(t) > 0for all ¢, 0(a) = 6,, @(a) = 6, + 27n, then (by uniqueness),
p(t) = ( ) forall t € [a,b] and p(t) = 6(t) + 27n for all ¢ € [a, b] (since
r(t)e?®) = r(t)ef+27 for all t).

Let o : [a,b] C R — C\ {w} be continuous. We define the winding number
wind(«, w), of @ about w as follows:

write o in polar coordinates as a(t) = w + 7(t)e??®) with 7,6 : [a,b] CR — R
continuous with (t) > 0 for all ¢ € [a, b]. Then define

0(b) —6(a)

wind(@, w) = 5
7r

Note that this does not depend on the choice of 8(a) = 6, by Note 3.
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Note

1. For o as above, if a(b) = a(a), then wind (o, w) € Z.

2. For paths @, 8 : [0,1] = C\ {w} in C \ {w}, for p #+ w, w1nd( ,w) =0and
wind(a !, w) = — wind(c, w), and if €(0) = a, (1) = b = ) B(1) =e,
then wind(af, w) = wind(a, w) + wind (8, w).

3. When a : [a,b] C R — C\ {w} is piecewise C! (which means « is continuous
and o’ is piecewise continuous, so for a(t) = z(t) + iy(t),  and y are
piecewise C'), then we can calculate wind(c, w) using an integral as follows:
For a piecewise continuous (or integrable) map ¢ : [a,b] C R — C given by
9(t) = z(t) + iy(t), we define

/ g_/ t)dt _/ (t)dt—l—i/: y(t)dt

When « : [a,b] CR — U C Cis piecewise Cl and f : U CC — C is
continuous, we define

/a f= / f(2)dz = /tbaﬂa(t))a’(t)dt

Given a piecewise C map « : [a,b] C R — C\ {w}, writing o as
a(t) = w + r(t)e®®) with r, 0, as usual, and by letting f(z) =
continuous on C \ {w}), we have

Il
—
| >
<]

Q
=8
‘:o?
g
U
S

_ 1;(;53) + o wind(a)

In particular, when a(a) = a(b), so that 7(a) = 7(b) and wind (o, w) € Z, we

have
1 dz
ind _ 1
wind(a, w) 27rz'/az—w
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Theorem 6.4
Let I be an interval in R with 1 € I C R™ = (0, 00) and let
A={zeC||z| eI}
={re?eC|rel,6eR}

Then 7, (A, 1) = {[6]) = Z, where 6 : [0,1] — A is given by 6(t) = e?2™".

Proof: We claim that, for loops o and § at 1 in A, we have
a~ f < wind(a,0) = wind(8, 0)

Suppose wind(a, 0) = wind(83,0) = n € Z. Write a(t) = r(t)e*?®), B(t) = p(t)e?®),
where 7, 0, p, @ are continuous, r(¢t) € I and p(t) € I forallt € [0,1] and

6(0) = &(0) = 0. Since wind (e, 0) = wind(8,0) = n, we have 8(1) = &(1) = 27n. Then
the map F': [0,1] x [0,1] — A given by

F(s,) = (r(t) + s(p(t) — r(1)))el 0O +(2(0-00)

is a homotopy from « to 8 in A. The proof of the converse is in course notes. 0

Note

Let X be a topological space with a € X, and let P be the path component of a in
X.If ais a path from a to b in X, then b € P and indeed, a(t) € P forall t € [0, 1].
If @ and 3 are two paths from a to b in X, and F' is a homotopy from « to 8 in X,
then F'(s,t) € P for all s,t (because [0, 1] x [0, 1] is convex, hence path-connected,
and F is continuous, so F'([0,1] x [0, 1]) is path connected with F'(0,0) = a). It
follows that 71 (X, a) = my (P, a).

Theorem 6.5

Let vy be a path from a to b in X. Then the map ¢., : 7, (X, a) — m (X, b) given by
©,([e]) = [yay™'] is a well-defined group isomorphism (called a change of
basepoint).

Proof: ¢, is well-defined since for loops  and B at a in X, if a ~ 3 in X, then
yayt vﬁofl. (., is a group homomorphism because given two loops « and 3 at
a € X,v(af)y ! ~yaylyBy! so that

(pa([a][ﬁ]) = (p'y([aﬂ]) == (,D,Y([Oé]) . <)0'}1([5])

Finally, we note that cp;l = 1.
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Remark

We sometimes write 7, (X, a) simply as m; (X).

For a topological space X, we say that X is simply connected when X is path-
connected and 7 (X) = 0 (to be precise, 7, (X, a) = {[«,]} for some, hence any
a € X).

For any convex set X in a normed linear space that is simply connected (given any
loop, @ at @ in X, the map F : [0,1] x [0,1] — X given by
F(s,t) = a+ s(a(t) — a)) is a homotopy from &, to a in X).

6.2 Invariance under homeomorphism

A based topological space is a pair (X, a) where X is a topological space and
a € X. We write f : (X,a) — (Y, b) to indicate that f : X — Y with f(a) =b.

Theorem 6.6

Given a continuous map f : (X,a) — (Y,b), the map f, : 71 (X,a) — 7, (Y, d)
given by f,([@]) = [f © o] is a well-defined group homomorphism, which we call
the homomorphism of fundamental groups induced by f, or the pushforward of f.

Proof: f, is well-defined because when « and § are loops at a in X, if & ~ § in X, then
foa~ fofinY (indeed, if F is a homotopy from « to 8 in X, then f o F' is a homotopy
from foato fofinY). f, is a group homomorphism between given loops a and J at a
in X, we have f o (af) = (f o a)(f o 3). Indeed,

fla(2t))if0 <

tS% = o o
(fo(aﬁ))(t)—{f(ﬁ(%l)) t1zier=(FeaTom0

For a set S, we write idg to denote the identity map on S (that is the map
idg : S — S) given by idg(z) = z forallz € S.
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Theorem 6.7
1. For a based space (X, a), (idx), =id; (x,q)
2. For continuous maps f : (X,a) = (Y,b)and g : (Y,b) — (Z,c), we have
(9o flu=9g.° f.

Proof:
1. For a loop a at a in X, we have
(idy),([a]) = [idx e o] = [a]
2. For aloop acat a in X, we have (go f) o = g o (f o @) so that
(gefullal) =[(gefleal=lge(fea)l =g.([f e o) = g.(file]) = (9. o £)([e])
|

Remark

Using the language of category theory, we have a covariant functor F' from the
category of based topological spaces (with continuous maps of based topological
spaces) to the category of groups (with group homomorphisms), given by
F(X,a) = 7 (X,a) and for continuous map f : (X,a) — (Y,b),

F(f)=f.: F(X,a) > F(Y,b).

Theorem 6.8

If f: X — Y is a homeomorphism with f(a) = b, then 7 (X, a) = 7, (Y, b),
indeed the map f, : (X, a) — 7 (Y, b) is an isomorphism.

Proof:Let g = f~! : Y — X and note that g(b) = a, so that we have continuous maps
f:(X,a) = (Y,b)and g: (Y,b) = (X,a) withgo f =idy and f o g = idy and hence

s © f* = (g ° f)* = (ld)())‘< = idwl(X,a) and f* ° Gy = (f og)* = (ldY))‘< = idwl(Y,b)' ThUS,
f. and g, are inverses of each other. O

For based spaces (X, a) and (Y, b), prove that
m (X xY,(a,b)) 2m(X,a) x 7 (Y,b)
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6.3 Invariance under homotopy

1. For continuous maps f,g: X — Y, a free homotopy from fto gisa
continuous map F : [0,1] x X — Y such that F(0,z) = f(z) and
F(1,z) = g(z) for all z € X. When such a homotopy exists, we say that f
and g are (freely) homotopic, and we write f ~ g.

2. For continuous maps f, g : (X,a) — (Y,b), a homotopy from fto g
relative to a is a continuous map F : [0,1] x X — Y such that
F(0,z) = f(z) and F(1,z) = g(z) forall z € X, and
F(s,a) = f(a) = g(a) = bforall s € [0,1]. When such a homotopy exists, we
say that f and g are homotopic relative to a, and we write f ~ g (rel a).

3. For topological spaces X and Y, and for A C X, and for continuous maps
f,9: X — Y, ahomotopy from f to g relative to A is a continuous map
F:[0,1] x X — Y such that F(0,z) = f(z) and F(1,z) = g(z) for all
z € X,and F(s,a) = f(a) = g(a) foralla € Aand s € [0,1]. When such a
homotopy exists, we say that f and g are homotopic relative to A and we
write f ~ g (rel A).

Theorem 6.9

Iff:(X,a) = (Y,b)and g: (Y,b) — (X, a) are continuous with g o f ~ id y (rel
a)and fog~idy (rel b), theng, o f, =id, (x o and f, o g, = id; (v ).

Theorem 6.10 Homotopy Invariance

Iff: X —>Yandg:Y — X are continuous with f(a) = b and g(b) = c and if
go f ~idy (freely) and f o g (freely), then the maps f, : m(X,a) — m; (Y, b) and
g, : ™ (Y,b) = 7 (X, ¢) are isomorphisms (with g, o f, equal to a change of
basepoint isomorphism). When such maps f and g exist, we say that X and Y are
(freely) homotopic and we write X ~ Y.If X and Y are path-connected with

X ~Y,thenm(X) = 7w (Y).
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Let X be a topological space, A C X and leti : A — X be the inclusion map.

1. A retraction map from X to A is a continuous map f : X — A such that the
restriction of f to A is the identity, or equivalently, such that f o4 =id 4. In
this case, forany a € A, f, o4, =id, (4 4 (s0 f, is surjective and i, is
injective). When such a map exists, we say that A is a retract of V.

2. A strong deformation retraction map from X to A is a continuous map
f:X — Asuchthat foi=1id, and i o f ~ idy (rel A). In this case, for any
a € A, we also have i o f ~ idy (rel A) and hence f, : 7y (X,a) = m,(4,a)
and i, : m (4, a) — 7 (X, a) are inverses of each other. When such a map f
exists, we say that A is a strong deformation retract of X.

S! is a strong deformation retract of C* given by f(z) = ﬁ is a strong deformation
retraction, and the map F : [0,1] x C* — C* given by

F(s,z)=”—§”+s<zfﬁ)

is a homotopy from i o f to id¢. relative to S!.
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