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PMATH 450 Additive set-function on an algebra of sets

Problem: Consider a random, infinite string of 0’s and 1’s
(sl s lps o)y b, €{0,1}Vm € N
What is the probability that somewhere along the string, I find 100 consecutive 0’s?

Comment: The statement of the problem is unclear. Lesbegue’s machinery will clarify
this.

X:={z=(1,ly, .., L, --) | I, € {0,1}Vm € N} This is, in a natural way, a compact
metric space. Use the “Hamming-style” distance. For

o=y byl )y 2 = (1, 1y oy 1)

in X,

L =1 ly—15 L, —1,
AN U I A

d(z,z') = 5 1 o

We can consider
T ={G C X |G is open} C 2X

We can consider B = 0-Alg(7) (Borel o-algebra)

Probability is P : B — [0, 1]. Have P(B) € [0,1]VB € B.

“Problem” says: let

S={z= (4,13, -, lpp,-.) EX | IMmENsuch that l,, =1,, 1 =... =1, ,99 = 0}.

Check that S € B and compute P(S) =?

1 Additive set-function on an algebra of sets

What it means for & C 2% to be an algebra of sets:
1. (AS1) g e o
2. (AS2)IfAe o, then X\ Ae o
3. (AS3)If A,Be o, then ANBe d

Proposition 1.2

o C 2X algebra of sets. Then

Xed

.ABed=AUBecd

.ABed=ANBed

. Foreveryn > 2andevery A,,...,A,, € &,onehasthat A, N..NA, € &
. Foreveryn > 2andevery A,,...,A,, € &,onehasthat A, U... UA, € &

SR RN
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PMATH 450 Positive measure on a sigma-algebra

oA =2%Xand of = {@, X}

Let € be a collection of algebras of sets of a set X. Then N € is an algebra of sets.

Proof:
1. Foreach & € €, @ € o since & is an algebra of sets, so @ € N 6.
2. For A € N @, we have that for all o € €, A € o. But & is an algebra of sets, so
X\ A€ o Butthisholdsforall f € €,s0 X\ A eNE.
3. For A, B € N ¥, we have that A, B € o for all &/ € &, but & is an algebra of sets, so
ANBedforall f € €, hence ANBeNGE.

This suffices to show that N € is an algebra of sets. O

Proposition 1.4

Let € C 2%, Then there exists a unique algebra of sets €, C 2% such that €y 2%
and € is minimal in the sense of inclusion (or equivalently, for any algebra of sets
P C 2X with @ D ¥, we have @ D Go)-

Proof: Let €, be the intersection of the collection of algebras of sets that contain €. We
have that €, 2 € by construction. Furthermore, for any algebra of sets & O &, we have
that 9 is one of the sets in the collection, so €, C 9. For uniqueness, let A be a minimal
sigma-algebra containing €. Then A C €, (since A is minimal) and €, C A (since €, is
minimal), so €, is unique. 0

Let S be a collection of subsets of X. Then, the algebra of sets generated by S,
denoted by Alg(S), is N €, where € is the collection of algebras of sets of X which
contain S.

% C 2% algebra of sets. Define i : € — [0, 0o] such that
1. p(AUB) = p(A)U u(B), where ANB =g
2. p(@)=0

Remark 1.7

We use the arithmetic of [0, co]. Convention specific to measure theory:
0-00=0= 00 -0 (“zero is absorbant”).
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PMATH 450 Positive measure on a sigma-algebra

Remark 1.8

Why do we require (&) = 0? It is to avoid the case where p(A) = coVA € 8.

Proposition 1.9 Properties of an additive set-function

1. (Add) For A C C'in &, we have u(A) < u(C).
2. (Subadd) For A, B in &, we have u(AU B) < u(A) + u(B).

2 Positive measure on a sigma-algebra

What it means for 0t C 2% to be a sigma-algebra:
1. (Sigma AS3) @ € M
2. (Sigma AS2)If A € M, then X \ A e M
3. (Sigma AS3) If ¥ is a countably infinite collection of sets in 9, then N € € M

Remark 2.2

1. 9 is an algebra of sets.
2. M is stable under unions and under set difference.

Let € be a collection of sigma-algebras of a set X. Then N & is a sigma-algebra.

Proposition 2.4

Let € C 2%. Then there exists a unique sigma-algebra €, C 2% containing % such
that %, is minimal in the sense of inclusion (or equivalently, for any algebra of sets
D C 2% with @ D €, we have @ D ).

The sigma-algebra generated by a collection of sets € C 2% is the sigma-algebra
obtained in Proposition 2.4.

The Borel sigma-algebra of a metric space (X, d), given that 7 is the collection of
open subsets of X, is o-Alg(T).
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Measurable functions, the space of
PMATH 450 functions Bor(X, R)

Remark 2.7

1. Let (sn)zoz , be a sequence of elements in [0, oo] which is increasing, in the

sense that
0<s;<s5<...<s, <.

Then the sequence approaches a limit L € [0, c0] and L = sup{s,, | n € N}.
2. Let (tn)zoz , be any sequence in [0, 00]. We can consider the finite sums

§1=11,8=t; +1g,...,8, =t +...+¢,,..
which form an increasing sequence in [0, co]. We can consider the limit
L= nlglgo s, € [0, 00]
which we typically denote as

)
Dt

n=1

9 C 2% sigma-algebra of subsets of X. A positive measure on 91 is a function
w2 M — [0, co] which has p(&) = 0 and satisfies: (Sigma-Add)

u( OglAn):Z:l n(A,,), whenever A}, Ay, .. A, , ..M

are such that A;NA ;=g for i#j

Remark 2.9

A positive measure is, in particular, a (finite) additive set function, so we can use all
the properties found in Proposition 1.9.

1. If we are given a sigma-algebra 9t C 2%, then we say that the pair (X, 90t) is
a measureable space.

2. If we are given a sigma-algebra 9t C 2% and positive measure
w9 — [0, oo], then the triple (X, 9, p) is said to be a measure space.

3. Let (X, 9, p) be as above. If 4(X) < oo, then we say that y is a finite
measure. In the special case when p(X) = 1, we call (X, 9, ) a probability
space).
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Measurable functions, the space of
PMATH 450 functions Bor(X, R)

Proposition 2.11 Sigma-Sub-Add

Let 9 be a sigma-algebra. Let p : 91 — [0, 0o] be a positive measure. Then

(0 4,)< ;M(An)
for A, Asy .oy A, ... € 90

Proposition 2.12 Continuity along increasing and decreasing chains

Let 9t C 2% be a sigma-algebra and let x2 : 99t — [0, oo] be a postive measure.
1. Let (Bn);'lo:1 be a sequence (or an increasing chain) of sets in 9t such that

B, CB,C..CB,C..
Then

1(5, 5,) = Jim u(B,) € 0,00

2. Let (C’n):;l be a sequence (or a decreasing chain) of sets in 91 such that

C;2C,...2C,D..
and pu(C) < co. Then

N( A Cn) = lim u(C,) € [0,0)

n—0o0

Proof of 2.11: Define A := Up2; A, for A, € Mand S :=3> u(A,) € [0,00]. For
every m € N, define B,, = A; U A, U...UA,,. Then (B,,)* _ is an increasing chain

m=1
with
[eo] (oo}
U B,= U (4 U..UA))
n=1 n=1
U A
o n=1 "
=A
So we get

u(A) = lim p(B,) (by Prop 2.12.1)
n—o0
= sup{u(B,) | n € N}
Want to show that the sup is upper bounded by S. But for every n € N, we indeed have

< u(Ay) + ...+ p(A,) (by Sub-Add),,
<S8
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Measurable functions, the space of
PMATH 450 functions Bor(X, R)

O

Proof of 2.12.2: Define D,, = C, \ C, for n € N, with D,, € 9t. Since (Cn)zo:l isa

decreasing chain, then (D,,) ZO: L

U D,= U (G\C)=G\ N C,

n=1

is an increasing chain. But note that

So, we have

M(Cl \ngl C") N N(ngl D”)
= lim w(D,) (by Prop 2.12.1)
n—oo
= lim u(G\G,) (1)
Since p is an additive set function, then
we)=n(a\ 0 6)+u( A C)
— WG\ Cy) + u(C,)

But p(Cy) < o0, so

w(G\ A C) = n(@) —u( A 6,) <o
nw(C\ G,) = pu(Cy) — pu(C,) < o0
Therefore,
wC)—u( A G)=n(c\ A G)
= lim u(CG\G,) (by 1)
= p(Cy) = lim u(C,)
Which implies that

u( A C’n) = lim u(C,)

n=1 n—00

Let (X, 90, 1) be a measure space and let (A"):il be a family of sets from 9. Let
T := {z € X | = belongs to infinitely many of the A4, 's}.If 220:1 w(4,) < oo,
then p(T") = 0.

Proof:Let B, = U2, A,.

claimT =N, B,

Proof:
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Measurable functions, the space of
PMATH 450 functions Bor(X, R)

ﬂ B,={z€ X |zeB,VneN}

={z € X |z € A, for some k > n,Vn € N}
= {z € X | = belongs to infinitely many A, 's}
=T

Then (Bn)zoz | is a decreasing chain. Note that

u(By) = u(‘fj’ Ak)

) (by Sigma-Sub-Add)

:1

< oo (by assumption)

So, we have

N
3
Il
=
—
D
sy
~—

) (by Sigma-Sub-Add)

IA
=
gE

o

since the tail sums of a convergent series converge to zero. Therefore, u(7) = 0. [

An atomic measure p is based on weights of individual points € X. Suppose you
have w : X — [0, 00]. Take M = 2X. Define 11 : MM — [0, 0o] by

u(A) = sup{z w(z) | F C A finite set}

zeF

Then (X, 2%, 1) is a measure space. We can show this by verifying that Sigma-Add
is satisfied by the measure.
Special cases:

1. w(z) = 1forall z € X, to get the counting measure on X.

2. Dirac measure concentrated at z, € X. w(z,) = 1, w(z) = 0 for all z # z;.
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Measurable functions, the space of
PMATH 450 functions Bor(X, R)

X =R, 9 = By (Borel o-algebra).

Note Fact 2D-1 to D2-3

1. By can be generated by the collection of half-open intervals in R.
2. If p,v : By — [0, o0] are positive measures such that

u((a,b]) = v((a,b]) < coforalla < binR, then u = v.
3. The Borel sigma-algebra is stable under translation.

Note Lesbegue Measure (Fact 2D-4)

The Lesbegue measure X : By — [0, 00] is determined uniquely via the requirement
that A((a,b]) =b—aforalla < binR.

Another approach: )\ is uniquely determined by the requirement that

A(B +t) = A(B) for all B € By, for all t € R, with the normalization that

A((0,1]) = 1.

These conditions are equivalent.

For existence of A, we will involve an extension theorem of Caratheodory (to be
done later). For now, we accept that \ exists.

Note Fact 2D-5

There is no positive measure y : 28 — [0, oo], which is invariant under translations
and with p((0,1]) = 1. This shows in particular that By # 2® Construction of a set
in 2% \ By uses a Hamel basis (basis of R over Q).

3 Measurable functions, the space of functions Bor(X,R)

(X, ), (Y,M). f: X — Y is said to be 9 /NM-measurable when it has the
property that f=*(NN) € 9 for every N € M.

Remark 3.2 Pre-images are nice

Pre-images of unions/intersections of (measurable) sets are unions/intersections of
the pre-images.

Proposition 3.3 Compositions of Measurable Functions are Measurable

(X,9), (Y,M), (Z,P). f: I — Nand g: N — P measurable. Then h = go fis
measurable.
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PMATH 450 Convergence properties of Bor(X, R)

Proposition 3.4

Let (X, ), (Y, 91) be measurable spaces, f : X — Y. Let € C 91 be such that o-
Alg(€) = N and such that f~1(C) € M for all C € €. Then f is measurable.

Proof: Use the method of civilized sets. Let Q = {Q C Y | f~1(Q) € M} C 2¥ be the
collection of “civilized sets”. We want to show that Q = 9% (ie: all sets in sigma algebra 91
are civilized).

Claim 1: ) is a sigma-algebra.

Claim 2: 9 contains 9.

Hence, 91 = 0-Alg(€) C Q, so M = Q. Therefore, f is measurable. 0O

Corollary 3.5

Let (X, Tx), (Y, Ty) be topological spaces, f : X — Y continuous. Then f is
B y /By -measurable.

Proof: Note that Ty is a generator for By.. For G € Ty, f~1(G) is open (since f is
continuous), hence f~1(G) € B x. By Prop 3.4, since 0-Alg(Ty,) = By, we have that f is
measurable. 0

Let (X, 90) be a measurable space. We denote
Bor(X,R) :={f: X = R | f is M/By measurable}

Proposition 3.7 Stability properties of Bor(X, R)

Let (X, 90) be a measurable space. Let f, g € Bor(X,R). Then
L. f+g € Bor(X,R), where (f +g)(z) = /(z) + g(2).
af + Bg € Bor(X,R) for a, 8 € R, where (af + 89)(z) = af(x) + Bg(z).
. f-g € Bor(X,R), where (f - g) = f(z)g(z).
. fVg,fAgée€Bor(X,R), where (fV g)(z) := max(f(x), g(z)) and
(f A 9)(@) = min(f(z), g(z)

Proof of 3:Let h : X — R? be defined by h(z) = (f(z),g(z)) for allz € X. Let

p : R? — R be defined by p(s,t) = s - tforall s, € R.

Claim 1: h is 91/ Bg2 measurable.

Proof: We claim that By = o-Alg(T), where T = {all open squares in R?}. Once this
claim is established, it suffices to show that h=1(.S) € 90 for all

S =(og,ay) X (B,8,) €T

AW

Claim 2: p is By / Bg-measurable.

PMATH 450 10



PMATH 450 Convergence properties of Bor(X, R)

Claim3: f-g=poh.
Proof: By direct verification. 0

The Borel sigma-algebra on R? is equal to the sigma-algebra generated by the open
squares in R?, ie: 0-Alg(&) = Bye.

Remark 3.9

(X, 9t) measurable space. Then Bor(X, R) is an algebra of functions and a lattice of

functions.

Remark 3.10

Operations with only one function. If f € Bor(X,R), then |f| € Bor(X,R). Use
algebraic stability properties to prove this.

Claim : Let € = {(—o0,t],| t € R} C By. Then o-Alg(%) = By.

Proof: Denote o-Alg(®) = P. Clearly, P C By. If we can show that G € & for all
G C R open, then we will be done because we will have that & is a sigma-algebra
and that & 2 Tg.

Now, every & #+ G C R open can be written as a countable union of open intervals.
So then, it suffices to check that o-Alg(Z) contains all of the open intervals of R.
This is left as an exercise. 0

By the claim, we have that f~1((—o0,¢]) € M for all t € R. Thatis, f~1(C) € M
for all C' € €. Then by Prop 3.4, f~1(B) € 90 for all B € By, hence
f € Bor(X,R).

PMATH 450 11



PMATH 450 Convergence properties of Bor(X, R)

4 Convergence properties of Bor(X,R)
Proposition 4.1 Closure under Countable Supremum and Infimum

Let (X, 90) be a measurable space.
1. Let f : X — R be a function. Let (fn)zc’:1 be a sequence of functions in
Bor(X, R) such that

sup{f,(z) | n € N} = f(z)

for all x € X. Then it follows that f € Bor(X,R).
2. Let g : X — R be a function. Let (g,,)>°
Bor(X, R) such that

., be a sequence of functions in

inf{g, (z) | n € N} = g(z)

for all x € X. Then it follows that g € Bor(X,R).

Proof:
1. It suffices to show that f~!((—oo,t]) € M forallt € R.Fixt € R.Forz € X, we
have
z € fH((—o0,t]) <= f(z) <t

<= sup{f,(z) | neN} <t¢
< f,(z) <t forallneN
<z € f;1((—o0,t]) foralln e N
—aze A f (=),

Hence

FH(=o0,8) = 1 £ (—o0,1).

Since each f,, € Bor(X,R), we have f,1((—o0,t]) € M for every n € N. Since 9 is
a sigma-algebra, it is closed under countable intersections, so f~1((—oo0,t]) € M.
Therefore f € Bor(X,R).

2. Define f : X — Rby f(z) = —g(z) for all z € X, and define f,, : X — Rby
fn(z) = —g,(z) for all n € N. Since g,, € Bor(X,R) for every n € N, we have
f,, € Bor(X,R) for every n € N.

For every z € X,
flx) = —g(x)
= —inf{g,(z) | n € N}
sup{—g,,(z) | n € N}
sup{f,(z) | n € N}.

PMATH 450 12



PMATH 450 Integration of functions in Bor™ (X, R)

By part 1, f € Bor(X,R). Since g = —f, it follows that g € Bor(X,R).

|
Remark 4.2 Characterization of lim sup and lim inf.
Let (tn)io:1 be a bounded sequence in R. Define £, = lim sup,,_, t,, to be the
unique number satisfying:
1. (LIM-SUP-1) Some subsequence of (tn):O:1 converges to £, , and no
subsequence converges to a limit £ > /.
2. (LIM-SUP-2)
4, = li t, = infsupt,.
+ = Jim supt, = fnf supt,
Similarly, _ = lim inf,,_, _ ¢, is the smallest possible subsequential limit, and
liminft, = lim inf¢, = inf t,,.
iminfts = Jim it = up inft,
Proposition 4.3 Measurability of Pointwise Limsup and Liminf

Let (X, 90t) be a measurable space.
1. Let (fn)zoz1 be a sequence in Bor(X, R) such that (f,, (x))zozl is bounded for
everyxz € X.If f : X — Ris given by

f(z) =limsup f,(z),
then f € Bor(X,R).

2. Let (gn):o:1 be a sequence in Bor(X, R) such that (g, (x)):c’zl is bounded for
every x € X.If g : X — Ris given by

g(z) = lim infg, (z),

then g € Bor(X,R).

Proof:
1. For every k € N, define h;, : X — R by

hi(z) = sup{f,(z) [ n > k}.
By Proposition 4.1.1, k), € Bor(X, R) for every k € N. By LIM-SUP-2,

f(x) =limsup f, () = inf{hy(z) | k € N}.

Hence f € Bor(X,R) by Proposition 4.1.2.
2. Apply part 1 to the sequence (—g,,) "

lim sup(—g,,(z)) = —liminfg, (z) = —g(z).
n—00 n—00
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PMATH 450 Integration of functions in Bor™ (X, R)

Thus —g € Bor(X,R), and hence g € Bor(X,R).

O

Corollary 4.4 Pointwise Limits of Borel Functions are Borel

Let f : X — R. Suppose we could find (fn);'o:1 in Bor(X,R) such that
f(z) =lim,_,  f,(z) for all z € X. Then it follows that f € Bor(X,R).

Proof: Fix x € X. Since f(z) = lim,,_,, f,, (), the sequence (f,(z)) " | is convergent.
Hence every subsequence of (fn(:v))zil also converges to f(z). By LIM SUP-2,

lim sup £, () = lim sup f, () = f(z).
—00 >k

n—00

Thus f is the pointwise lim sup of the sequence ( fn)zo:l. Therefore f € Bor(X,R) by
Proposition 4.3.1.

Suppose (X, M) = (R, Bg). Let f : R — R be differentiable (which implies
continuous, which implies f Borel measurable) and consider the function
ffiR—=R.

We claim that f” € Bor(R, R).
Solution: the idea is to produce ( fn) , in Bor(R, R) such that

Jim fn(x) = f'(=)

is in fact continuous. If we find f, /s, then we get f” € Bor(R, R). due to Corollary
4.4.For x € R, we write

f'(z) = lim !

n—00

= lim n(u,(z) — f(z))

n—oo

with u,, (z) := f(z + 1) forz € X,n € N. So then, for every n € N, define
fn, = n(u,, — f). Every f,, is continuous, hence in Bor(R,R) and

lim £, (x) = /()

as required.

0

PMATH 450
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PMATH 450 Integration of functions in Bor™ (X, R)

We say that f € Bor(X,R) is simple when f(X) is finite. We denote
Bor,(X,R) := {f € Bor(X,R) | f is simple}.

Bor, (X, R) is stable under the algebraic operations from Proposition 3.7: linear
combinations, multiplication, and min/max.

Also,
Bor,(X,R) = span{X, | A € M},

where X4 denotes the indicator function of A. The equality is left as part of A2.

We also use
1. Bor™(X,R) := {f € Bor(X,R) | f(z) >0 forall z € X}
2. Bor? (X, R) := Bor, (X, R) N Bor* (X, R)
={f €Bor,(X,R) | f(z) >0 forall z e X}
Remark 4.6 Binning of values of f € Bor" (X, R)

Let f € Bort (X, R). For every n € N, the n’th binning of the values of f is the
function f,, : X — R defined by

] nif f(z) > n
ful@) = ELif f(z) <n and k€ {1,..,n2"} issuchthat &2 < f(z) < £
For this fixed n, let

B = f([n,00)) € M

and

-1

Ak=f’1({k ,£>>esm, 1<k < n2n
on ’om

Then

n2"

—1
fo=ndp+>_ X, € span{¥, | A € M} = Bor, (X, R)
k=1

Since f,, > 0, it follows that f,, € Bor! (X, R).
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PMATH 450 Integration of functions in Bor™ (X, R)

Proposition 4.7

Let f € Bor™ (X, R). Then there exists a sequence (fn):o:1 in Bor (X, R) such that
for every z € X,

0< filz) < folz) < ... < f(x) < ...
and

lim £,(z) = f(2).

n—0o0

Proof: For every n € N, let f,, be the n’th binning of the values of f from Remark 4.6. By
Remark 4.6, f,, € Bor! (X, R) for every n € N.

Fix € X. By Problem P44, f, () < f,, 41 () for all n € N, and there exists n, € N such
that

Fal@) < F(&) < fula) + 5, Torall nz g,

Hence (f,, (:c))zo: | is increasing, and the inequalities above imply lim,, ,, f,,(z) = f(z).
U

5 Integration of functions in Bor™ (X, R)
We fix for this lecture a measure space (X, 9, ).

Recall that
Bort(X,R) = {f € Bor(X,R) | f(z) >0 forall z € X}.
The goal is to define a map
L* : Bort (X, R) — [0, o0,
where LT (f) is the integral of f against the measure . The value is defined for every
f € Bor™ (X, R), but it may be co.

We construct L™ in two steps:
1. Define L} : Bor} (X, R) — [0, 0]
2. Extend L} to amap LT : Bor™ (X, R) — [0, co].

5.1 The map L} : Bor/ (X,R) — [0, o0]
Remark 5.1 Basic stability properties of Bor! (X, R)

1. If f,g € Bor! (X, R), then f + g € Bor! (X, R).

2. If f € Borf (X,R) and a € [0, ), then af € Bor} (X, R).

3. For every A € 9, the indicator function X4 is in Bor{ (X, R). In particular,
X, =0and Xy = 1 are in Bor{ (X, R).
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Theorem 5.2
There exists a unique map
Lt : Borf (X,R) — [0, 0]
such that the following conditions are satisfied:
1. Additivity: L (f + g) = LY (f) + L (g) for all f, g € Bor} (X, R).
2. Positive homogeneity: L (af) = a- LT (f) for all @ € [0, 00) and
f € Borf (X, R).
3. Relation to the measure: L} (X,) = p(A) for all A € M.

Let (X, 90, 1) be a measure space.
1. A measurable division of X is a set A = {A,, ..., A, } of pairwise disjoint non-
empty sets in 9% which cover X.
2. fA={A,,..,A,}and T = {B, ..., B,, } are measurable divisions of X,
then their intersection is the measurable division

ANT:={ANB|ANB+@,Aec A,BeT}.

Let f € Bor! (X, R).
1. There exists a measurable division A = {A,, ..., A,,} of X and numbers
Qq, ..., &, € [0,00) such that

f=a Xy + . ta,Xy .

2. Suppose A = {4, ..., A, } and o, ..., a,, are as in part 1, and let
I ={B,,...,, B,,} be a measurable division of X. Then

f= Z ;X4 B,
1<i<n,
1<j<m,
A,NB#o

Proof:
1. Exercise: See P4.3 (very similar to it).
2. Forevery 1 <i <n, write
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XA, = Xa, 1

= Xa, (XB1 + ot XBM)
m

= Z XA,;nB;
j=1

Z XA,nB,

1<j<m,
A;NB;#2

Now, we substitute the expression for x 4, into Simple Span, as follows:

n n
f= Z ;X 4, Z Q; Z XA,nB,
=1 =1

1<j<m,
A;NB;+2

Let f € Bor (X, R). Suppose we have two ways of writing f as a linear
combination:

f = alel + ...+ anXAn
and
f = /leBl + ...+ /BmXBmv

where A = {4,,..., A, } andT" = {B,, ..., B,,} are measurable divisions of X, and
Qqyeeey Ay By oovy By € [0, 00). Then

m

Santa) = 355u(m) € 0.

=1

Proof: For every 1 < i < n, let us write
A, =ANX
=A,N(B,U..UB,)
m
- Y (A;N B))

13%71, (A;nB))
A;NB;#@

which is a disjoint union. So, we have
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u(4;) = Z ﬂ(Ai N Bj)
1<j<m,
A;NB;#@

Hence, we have that

Similarly, we obtain that

> BBy = > Bu(ANB)
P 15i2n,
1<j<m,

A,NB;#3

The following claim suffices to complete the proof.

Claim :1f A; N B; # &, then o; = 8

.
Proof: Suppose A; N B; # &. Pick z € A; N By, and evaluate f(x) in two ways. From 1,
we have f(z) = a;x 4, (%) +..a,Xx4, (2) = ;.

From £(2) = B1Xs, () + - + BuXp, (%), we get f(z) = B, Hence, a; = f(z) = B, [
O

Proof of existence (Thm 5.2): Let f € Bor! (X,R). By Lemma 5.4, choose a measurable
division

A= {Alv aAn}

of X and numbers oy, ..., a,, € [0, c0) such that

f= ZaiXAi'
i=1
Define
Li(f)= Z%‘N(Ai) € [0, 00].
i=1

Lemma 5.5 says exactly that this value is independent of the chosen writing of f as a
linear combination of indicators coming from a measurable division. Hence L is well-
defined as a map

L} : Borf (X,R) — [0, c0].
We check the three required properties from Theorem 5.2:

1. Let f,g € Bor} (X, R). Choose measurable divisions
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A={A,,.,A}, T={B,.. B}

and coefficients a;, 8; € [0, 00) such that
n m
f= Z%‘XAi» 9= ZﬁjXBj‘
=1 =1

Refine both writings to the measurable division

AANT ={A;NB; | A,NB; + &}

By Lemma 5.4,
f= Z @i Xa,nB;y 9= Z 5jXAimB]-
A,NB;#2 A,NB;+%
Thus
f+g= Z (ai +6j)XAiﬁBj'
A,NB;#%
Therefore

Li(f+g9) = Z (o + B;)u(A; N B;)

A,NB 4%

K J

= Y au4nB)+ > Bu(4,nB)

A;NB;#2 A;NB;#2

=Y au(A) + Y Bu(B))
=1 =
= L3(f) + Li(9)-
2. Let a € [0,00) and let f € Bor? (X, R). Write

n
f= Z a;Xa,
i=1

using a measurable division A = {4, ..., 4, }. Then

n

af = Z(aai)XAi7
i=1
so

n

L af) = > (aa)u(4;) = aiaiumi) — aLt(f).

i=1

3. Let A M. If & + A #+ X, then {A, X \ A} is a measurable division of X and

Xa=1-Xx4+0-xx\4-
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Hence
Li(xa) =1 p(A)+0-pu(X\ A) =p(A).

If A= g or A = X, the same conclusion follows from the one-piece measurable
division {X}.

Proof of uniqueness: Exercise. 0

For u € Bor™ (X, R), define
L*(u) = sup{LZ(f) | f € Bor}(X,R), f < u} € [0, 0]

Remark 5.7

1. We use u, v, ... for general functions in Bor* (X, R) and f, g, ... for functions
in Borf (X, R).

2. The inequality f < wmeans f(z) < u(z) for every z € X.

3. The set whose supremum is taken is non-empty, since 0 € Bor{ (X, R), 0 < u,
and LT (0) = 0.

4. The supremum is taken in [0, oo]: if the set is bounded above by a finite
number, this is the usual least upper bound; otherwise its supremum is defined
to be oo.

Proposition 5.8 Lt extends L}

L™ is an extension of L. That is, if u € Bor} (X, R), then L (u) = L (u).

Proof: We must show that
sup{L{(f) | f € Bor{(X,R), f <u} = L{(u)

> holds because L} (u) is an element of {L}(f) | f € Bor} (X,R), f < u}.
< holds because if f € Bor(X,R) with f < u, then
Li(u) = L{(f + (w—f) = LI (f) + L (u— f), with L (u — f) > 0. O

Proposition 5.9

1. L* is an increasing map: if u,v € Bor™ (X, R) and u < v, then
L*(u) < L*(v).
2. L% is homogeneous: for every u € Bor™ (X, R) and every a € [0, 00),

Lt (au) = aL*t(u).

Proof:
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1. Suppose u < v. Then
{f €Bor{ (X,R) | f <u} C{f€Bor{(X,R) | f <v}.
Therefore,
{LI(f) | f €Bor{(X,R), f <u} C{LI(f) | f € Bor{ (X,R), f <wv}.

Taking suprema gives L1 (u) < L*(v).
2. f a =0, then au = 0, s0 L* (au) = L*(0) = 0. Also aL*(u) =0- Lt (u) = 0,
using the convention 0 - co = 0 in [0, c0].

Now suppose o > 0. We claim that
{g € Borf (X,R) | g < au} ={af | f € Bor} (X,R), f <u}.

Indeed, if f € Bor/ (X,R) and f < u, then af € Bor! (X,R) and af < au.
Conversely, if g € Bor} (X, R) and g < au, then f := £ is in Bor! (X, R) and f < u,
so g = af.
Hence, by the definition of L+,
L*(au) = sup{L{(af) | f € Bor](X,R), f < u}

=sup{aL{(f) | f € Bor{(X,R), f < u}

— - sup{LE(f) | f € Bor} (X, R), f < u}

= alL*(u).

Remark 5.10

The superadditivity of the following desirable equality can be easily proved, but not
the subadditivity part:

Lt(u+wv) =L (u) + LT (v)

for all u, v € Bor™ (X, R). So we pivot to Monotone Convergence Theorem to find a

way to prove it.
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6 The Monotone Convergence Theorem (MCT)

Let u and uq, U, ..., Uy, ... be functions in Bor™ (X, R). We write

U, /U
to mean that, for every z € X,
0 < up(z) Sup(z) < oo Sty <
and
Theorem 6.2 Monotone Convergence Theorem

Let u and (un):’:l be functions in Bor* (X, R) with u,, ,* u. Then

lim Lt (u,) = L*(u),

n—o0

where the limit is an increasing limit in [0, co].

Proposition 6.3 Subadditivity of L+
Let u,v € Bor™ (X, R). Then
Lt (u+v) < Lt(u) + Lt (v).

Proof: By Proposition 4.7, there are sequences (fn)zc’:1 and (gn):’:1 in Bor! (X, R) such
that

fo /u and g, S,
Then (f, + gn);:o:1 is a sequence in Bor/ (X, R) and f,, + ¢g,, /* u + v. Hence
L*(u+v) = lim L*(f, +9,)
n—oo
= lim LI(f, +9,)
n—o0
Tim (LE(£,) + LE(9,))
= lim (L*(f,) + L*(g,))-

n—oo

The first equality follows from the Monotone Convergence Theorem. The second and
fourth use that L extends L}, and the third uses the additivity of L.

Since f,, < wand g,, < v, the monotonicity of L* gives

LY (fp) + L7(g,) < L*(u) + LT (v)
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for every n € N. Taking the increasing limit yields
LH(u+v) < L*(u) + L*(v),
as required. O

Remark 6.4

To prove the Monotone Convergence Theorem, it remains to establish the following
inequality. Suppose u,, ,/* u in Bor™ (X, R), and set

A= lim L*(u,) =sup{L*(u,) | n € N},

n=o0
where the limit is increasing in [0, co]. We need to prove that
A> Lt (u).
This inequality is sufficient because u,, < u for every n. By the monotonicity of L*,
L*(u,) < L*(u)
for every n € N. Taking the supremum over n gives
A < Lt (u).

Thus, once the reverse inequality A > L* (u) is proved, we obtain A = Lt (u),
which is precisely the Monotone Convergence Theorem.

We will prove the reverse inequality in Proposition 6.7. First, we establish two

special cases in Lemmas 6.5 and 6.6.

Letu; <uy < ... <u, < ...be functions in Bor™ (X, R), and let A € M satisfy
u,, /* X a- Define

A= lim L*(u,) € [0, ).

n—o0

Then
A > p(A) = L*(xa)-

Proof: Assume A # @, since if A = ¢, then p(A) = 0 and there is nothing to prove. Fix
for the moment a § € (0, 1). For every n € N, define

A, ={ze€A|u,(z) >0}
Observe:

1. A, € Mforall n € N. This is because 4,, = A Nu,1((0,00)) with
A, (6, 00)) € .
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2. A, C A, foralln € N.Indeed, if z € A,, then u,,(z) > 6, and since u,, < u,, 4,
wegetunH( z)>0,s0x €A, .
3. U A,, = A.Indeed, A,, C Aforalln € N, hence U A, C A.For “D” pick z € A.

Smceu /" Xa,wehave u,(z) = x4(z) = 1. Slnce0<1 there exists n € N such
that u,,(z) > 6, hence z € A,,.

Thus (A,,)22, is an increasing chain of sets in 9T with U A, = A. By continuity of p
o1
along increasing chains,

lim u(A,) = u(4) (%)

n—oo

Now observe that for every n € N we have u,, > 0x 4 .Indeed,ifz ¢ A4, then
x4, (z) =0 < u,(z), while ifz € A, then Ox4 () = 0 < u, ().

Hence, by the monotonicity and homogeneity of L*, the fact that Lt extends L}, and the
formula for L} on indicator functions,

L*(u,) > L*(0xa, ) = 0L (xa, ) = 0LF (x4, ) = Op(A,).
So we have
For every n € N, L*(u,,) > 0u(4,,) (% %)
Letting n — oo in Equation (x %), we get
A>6u(A)

where we use Equation (x) for the right-hand side. Finally, unfix 8. We have A > 6u(A)
for every 6 € (0, 1), and hence A > p(A), as desired. O

Let u; < uy < ... <, < ... be functions in Bort (X, R), and let f, € Bor! (X, R)
satisfy u,, /* f;. Define

A= lim L*(u,) € [0, ).

n—oo

Then
A> L:(fo) = L+(f0)-

Proof: Write
m
fo= Z XA,
i=1

where {4, ..., A,,} is a measurable division of X and o, ..., a,,, € [0,00). Fix ¢ € (0,1)
and, for each i, define
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A n = {,1; = Az | un(x) > cai}.

For each 4, the sets A, ,, increase to A;: indeed, if z € A;, then u, (z) — fo(z) = a;, so
eventually u,,(z) > ca;. Define the simple function

m
= Z caiXAi,n'
=1

Because the sets A, ,, lie in the disjoint sets A;, we have h,, < u,,. Therefore,

Letting n — oo and using continuity of p along increasing chains gives
m
Az CZ%‘N(Ai) =cLi(fo)
-1

If LT (f,) = oo, this implies A = co. Otherwise, let ¢ — 1 to obtain A > L (f,). Since L*
extends LT, LT (fo) = LT (fy). .

Proposition 6.7

Let (un):;):1 be a sequence in Bor™ (X, R) that increases pointwise to
u € Bor™ (X, R), and consider the increasing limit

A:= lim L*(u,) € [0, co].

n—o0

Then A > L (u).

Theorem 6.8 Characterization of L*
The map

L* : Bor™(X,R) — [0, o0]
has the following properties, which determine it uniquely:

(i) LT (X,) = p(A) for every A € M.

(i) LT (u+v) = L*(u) + LT (v) for every u,v € Bor™ (X, R).

(iii) L*(ou) = o L*(u) for every u € Bor™ (X, R) and o € [0, 00).

(iv) lim L*(u,,) = L*(u) whenever u and (un):’: are in Bort (X, R) and
(u ) , increases pointwise to w.

- - D

n%oo 1
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Note

For the existence part of the theorem, property (iv) is the Monotone Convergence
Theorem (Theorem 6.2). Property (i) follows from the formula for L} in Theorem
5.2 and the fact that L* extends L] (Proposition 5.8). Property (ii) is Proposition 6.3,
and property (iii) is the homogeneity statement in Proposition 5.9.

For the uniqueness part, it is convenient to record the following lemma, which will

also be useful in subsequent lectures.

Let (X, 9) be a measurable space, and let G C Bor™ (X, R) satisfy the following
properties:

(i) X4 € G forevery A € M.
(i) If g,,9, € G, then g; + g, € G.

)

)

(iii) If g € G and & € [0,00), then ag € G.
)

(iv) If g € Bor* (X, R) and (gn)zoz1 is a sequence in G such that g,, ' g, then
geqg.

Then G = Bor™ (X, R).

Proof: Since G C Bor™ (X, R) by assumption, it remains to prove the reverse inclusion.

First, we show that G contains every nonnegative simple function. Let f € Bor! (X, R).
By Lemma 5.4, there exist measurable sets A, ..., A, € 9 and constants
Ay, ..., &, € [0,00) such that

m
f = Z anAj'
=1

By property (i), x A, € G for each j. Property (iii) then gives a;x 4, € G, and repeated
application of property (ii) gives f € G. Hence

Borf (X,R) C G.

Now fix u € Bor™ (X, R). By the binning approximation of Proposition 4.7, there exists a
sequence (fn)::):1 in Bor? (X, R) such that

fo S

The first part shows that f,, € G for every n € N. Therefore, property (iv) gives u € G.
Since u € Bor™ (X, R) was arbitrary, Bor™ (X, R) C G, and consequently

G = Bor*(X,R).
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Proof of Uniqueness for Theorem 6.8:
Suppose M : Bor™ (X, R) — [0, oo] satisfies the conditions (¢) — (iv) from Theorem 6.8.
Let G = {g € Bor™(X,R) | L*(g9) = M*(g)}. We want to show that G = Bor™ (X, R)
(by method of friendly functions). We do this by showing that G satisfies (i) — (iv) from
Lemma 6.9.

(i) xa € G because L* (x4) = u(A) = M*(x4)

(ii) If g1, 95 € G, then g; + g, € G because

L (g1 +92) = LT (g91) + L*(g2)
= M"*(g;) + M*(g2)
= M* (91 + 92)
(iii) If g € G and « € [0, 0), then
L*(ag) = aL®(g) = aM™(g) = M (ag).
Hence ag € G.

(iv) Suppose g € Bor™(X,R) and (g,, ., is a sequence in G such that g,,  g. Since
both L and M satisfy property (iv) of Theorem 6.8,

)OO

L*(g) = lim L*(g,) = lim M(g,) = M*(g).

n—oo
Thus g € G.

Therefore, G satisfies all the hypotheses of Lemma 6.9, so G = Bor™ (X, R). Hence
L*(g) = M™*(g) for every g € Bor*(X,R), and therefore M = L. O

PMATH 450 28



PMATH 450 The Space £1(u)

7 The Space £!(u)

Fix (X, 90, u) as before and have L™ : Bort (X, R) — [0, 00|, which is trying to
become the integral with respect to 1. We will see a map L : £!(u) — R which also
tries to become the integral with respect to p.

To define L, we reduce each f € Bor(X,R) to two non-negative Borel functions.
The positive part and negative part of f are respectively defined by

fr:==fVv0 and f_:=(—f)VO0.

Since Bor(X,R) is stable under V, we have f,, f_ € Bor* (X, R). Explicitly, for
every z € X,

_ Jf(@),if f(z)>0 _fo, if f(z)>0
f+(””)_{o,z it fla)<o ™ f*(x)_{—f(x),if #(z) <.

These functions satisfy
fr+fo=Ifl and [ —f =/
Equivalently (by adding or subtrating the above two equations), we obtain

_IHIA g s =S
. .

f+ 3

.=

For f € Bor(X,R), we have the equivalence

L*(If]) < 00 (L*(f,) < oo and L*(f_) < oo).

Proof:

(=) Since |f| = f, + f_,then |f| > f, and |f| > f_, so by the increasing property of
L+, we get the RHS.

(=)
L*(|f]) = L*(f, + f) (by additivity of L*)
=L(fy) +L*(f2) < o0
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A function f : X — R is integrable with respect to ;s when f € Bor(X,R) and the
equivalent conditions of the preceding lemma hold. We denote

LY(p)={f: X > R | f is integrable with respect to u}.
We define the map L : £1(u) — R by setting, for every f € L1 (),
L(f)==L*(f,)— L*(f).

This is the difference of two finite numbers in [0, o).

We will prove that L is linear. First, we establish a lemma that gives us some flexibility in
calculating L( f): instead of using only f = f, — f_, it allows us to use other
representations f = h; — hs.

Let f € £1(u) and suppose that
f=hi—hy
for some hy, hy € Bort (X, R) such that Lt (h,), L*(hy) < co. Then
L(f) = L* (hy) — L* (hy).

Proof: Since f = f, — f_ = h; — hy, we have
f++h2 =f_+hy.
Applying L™ to both sides and using its additivity gives
L (fy) + L¥(hg) = LF(f2) + L* (ha).

All four quantities are finite: this holds for f, and f_ because f € £!(u), and for h; and
hy by assumption. We may therefore rearrange the equality to obtain

L(f) = L*(f,) = L*(f) = L*(hy) — L*(hy),

as required. 0

Theorem 7.5

1. L£'(p) is stable under linear combinations, hence is a linear subspace of
Bor(X,R).
2. Themap L : £!(u) — R is linear.
Proof: 1. Pick f,g € £L(u) and a, 8 € R, and form the linear combination

h:=af + g € Bor(X,R).
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We want to prove that b € £!(). Observe that
|h| = laf + Byl < |al|f] +[Bllgl,
which implies, by the monotonicity, additivity, and homogeneity of L™,

L (|hl) < L¥(|ellf1 + 1811g])
= lalLT(|f]) + |BIL*(|g])

< 00.
The last inequality holds because f, g € £ (). It follows that b € £ (1), proving 1.

2. We verify separately the two properties which together give linearity:

(@) L(f+g) = L(f)+ L(g) for every f,g € L*(p);
(b) L(af) = aL(f) for every f € £L*(u) and a € R.

Verification of 2(a). Let f,g € L£1(u). We may write
f+g=(fs=f)+(9:—9)
= (f+ +9+> —(f-+g-)
Set hy := f, + g, and hy := f_+ g_. Then hy, hy € Bor™ (X, R), and additivity of L*
gives
L*(hy) = L*(f,) + L*(g;) < o0
and, similarly, Lt (h,) < 0o. By Lemma 7.4,
L(f +g) = L*(hy) — L*(hy)
=L*"(fy) + L*(g4) — L*(f) — L*(g9-)
= (L*(fy) —L*(f2) + (L (95) — L*(g9-))
= L(f)+ L(g).

Verification of 2(b). Distinguish the cases « > 0, = 0, < 0. O

Proposition 7.6

1 If f € £1(p) NBort (X, R), then L(f) = L*(f).
2. If f,g € L' (p) and f < g, then L(f) < L(g).
3. If f € LY(u), then |f| € L1 (i) and

IL(A)| < L(f1).-

Proof:
1. Since f > 0, we have f, = f and f_ = 0. Therefore

L(f) = L*(f,) = L*(f-) = L*(f) = L*(0) = L*(f).
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This shows that the newly defined integral L agrees with the old non-negative
integral L™ whenever both are defined.

2. Since f < g, the function g — f is non-negative. By Theorem 7.5, g — f € £!(u1), so
part 1 gives

Lig—f)=L"(g—f)=0.
Using linearity of L,
L(g) — L(f) =L(g— f) >0,

and hence L(f) < L(g).
3. By Theorem 7.5, the function |f| = f, + f_ belongs to £!(y), since f,, f_ € L' (p).
Also,

—1fl < f<IfI-
Applying part 2 to these two inequalities gives
—L(If]) = L(=|f]) < L(f) < L(I£])-
Thus |L(f)] < L(| f]).

PMATH 450 32



PMATH 450 Dominated Convergence Theorem

Switching to integral notation. For the measure space (X, 90, i), we have
constructed the two maps

L* :Bort(X,R) - [0,00] and L:L'(u)— R

On the intersection of their domains, the two maps agree: if
f € Bor*t (X, R) N L1(p), then Proposition 7.6 gives L(f) = L*(f). It is therefore
safe to use the same integral notation for both maps.

For f € Bor™(X,R) U £ (1), we denote the corresponding value of L* or L by
[ #@auto),
b'e

often abbreviated to [ f dp.

Although the notation is uniform, it can still represent two meanings:
« the L™ meaning, with values in [0, co], for non-negative Borel functions;
« the L meaning, with values in R, for integrable functions.

These meanings agree whenever both apply. In particular, the inequality in
Proposition 7.6 becomes

/X £(@) du(z)

g/x\f(w)ldu(x), f e L),

The integral on the right may be interpreted in either the L™ sense or the L sense.

Let (X,9M, 1) be a measure space.
1. For any f € Bor"(X,R) and A € M, we denote

/Afdu==/Xf~xAdue[o,oo]

(integral in the L™ sense), where, as usual, x 4 is the indicator function of A.
2. Forany f € £L1(u) and A € 9, we observe that f - x4 € £ () (please fill in
why), and we denote

/Afdw:/XﬁXAdMER

(integral in the L sense).
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Proposition 7.9

Let (X, 9, i) be a measure space and let A € Bort (X, R). Define a set-function
v : M — [0, 0] by putting

v(A) ::/hdu, AeMm.
A

Then v is a positive measure on 1.

Proof:
1. First, we see that u(@) = fX h-xgdp = fX 0dp = 0.
2. For the rest of the proof, we fix a sequence (An):):1 in M such that 4, N A; = & for
1% j.LetU = U2, A,. We want to verify that

W(0) =3 ul(4,) (#)

n=1
|
Proposition 7.10
Let the measure space (X, 91, 1), the function h € Bor™ (X, R), and the new
positive measure v : 9T — [0, co] be as in Proposition 7.9. Then, for every
f € Bor™ (X, R), one has
/ fdv= / fhdu € [0,00] (insert leaf)
X b'e
(equality of integrals considered in the L™ sense).
Proof: We use the method of the friendly functions (see Lemma 6.9). Let
g = {g € Bort(X,R) \/ gdv = / ghdp
b's b's
We verify that G satisfies conditions j to jv from Lemma 6.9.
The rest of the proof is on A4.
Then Lemma 6.9 gives G = Bor™ (X, R). This means that “leaf” holds for every
g € Bort(X,R). 0
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8 Dominated Convergence Theorem

8.1 LDCT
Theorem 8.1 LDCT
Let f and ( fn):c’: , be functions from Bor(X, R) such that

nhﬁrgo fulz) = f(z), VzelX.
Suppose moreover that there exists a function

h € LY(u) NBor* (X, R)
which dominates all the f,,, in the sense that
|fnl <h, VneN.

Then f and f;, f5, .-, fp, .- are all in £1(u), and

lim fodp= / fdu.

Note

Note that the last equation can be written as

Ly ( [ dﬂ) = [ (i 5.)

and thus really is a formula where one interchanges integration with a limit. In
principle, doing such an interchange can have issues. The insight of Lebesgue was
to spot a sufficient condition, the existence of the dominating function h, which
makes the issues go away. The popularity of LDCT comes from the fact that this
sufficient condition is easy to verify, and turns out to hold in many applications.

The proof of LDCT will be organized as follows:

MCT = Reverse-MCT = LDCT, = LDCT.
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version of LDCT

Proposition 8.2
Let u and (u,,)° . be functions in Bor™ (X, R) such that
n=1
Uy = Uy 2> oo 2 Uy 2> .o
and such that

lim u,(z) =u(z), VzeX.

n—o0

Assume, in addition, that

Reverse-MCT

/ uy dp < oo.
b'e

Then

lim / u, dp = / udp

Proof 8.3:
TODO: See connection between this and the continuity of decreasing chains
proof.
Define

w, = U —U,, nEN.

Since u; > u,, each w, is non-negative and Borel. Also, (w,,) is increasing: indeed,

Uy, > U,y implies uy — u,, < Uy — U, ;. Finally, since u,, /* u, we have
w, S U —u.

By MCT,

n—oo

lim [ w,dyu= / (uy — u) dp.
X b'e

Since fX u; dp < oo, all quantities involved are finite, and linearity gives

/wndu:/uldu—/undu
X b'e b'e

and

Therefore
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lim (/ uldu—/und,u) :/uldu—/udu.
oo \Jx X X X

Cancelling the finite number fx u, dp gives the desired conclusion. 0

Proposition 8.4 LDCT,
Let (gn):’: , be a sequence of functions from Bor* (X, R) such that

T}Lrgogn(m) =0, VzelX.
Suppose moreover that there exists a function

h € LY(u) NBor*(X,R)

such that
9, < h, VneN.
Then
lim g, dp = 0.
n—oo X
Proof 8.5:

Step 1: We define a decreasing sequence so that we can apply Reverse-MCT.
For each n € N, define using point-wise supremum the following functions:

U, = Sup gi.
k>n

Note that u,,(z) € [0, 00) for all z € X because (g, (x)):il is convergent for all z € X.
Then u,, € Bor™(X,R) (by Proposition 4.1), and
Up 2= Ug 2 oo 2 Uy > e
Step 2: We show that the u,,’s converge to the zero function.
Moreover, since g, () — 0 for every € X and all g,, are non-negative, we have

u,(z) =supg,(z) = 0, VzeX.
k>n

Step 3: We use the reverse-MCT for (u,, ).

Also 0 < u,, < h for every n, so

/uldug/hdp<oo.
X X

By Reverse-MCT applied to (u,, ),
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lim u, dp = lim w, =0.
n—oo X n—oo

Since 0 < g,, < u,,, monotonicity gives

Og/gndpg/undu.
X X

Hence, by squeeze theorem, we get

lim g,dp =0,
b'e

n—oo
as required. O

Remark 8.6
Fatou’s lemma is about constructing a decreasing sequence using lim sups.

Jim () = lim sup{g, (o) | k2 n}
Proof of LDCT 8.7: Steps of proof:
1. For every n € N, we have |f,,| < h implies that fX|fn\ dp < fx hdp < oo
Therefore, f,, € £1(u). Observe that |f| < h, which holds because
|f(z)| =lim,,_,|f,(z)] < h(z) for all z € X (since | f,,| < h for all n € N). Thus,
fX|f|d,u < fX hdp < oo, hence f € L (p) as well.
2. It remains to check that fx fndp — fX f du. Towards that end, consider
G = |fn, — f] € Bor" (X, R) for all n € N. We claim that the g,,’s satisfy the
hypothesis of LDCT,,.
@) g,(z) = Oforallz € X.
(i) There exists € Bor* (X,R) N L' () such that g, < hforalln € N.

By the claim we can apply LDCT| to (g,,), | to get that

/ gpdp — 0
X n—oo

This implies the fact that

/and/tnjoo/xfd/t

because we can write
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/andu /fdu

(fn— ) dp

=)
IA

VAN

><\

|f,, — fldp (by Prop 7.6)

><\><\

gpdp — 0

n—o0

By Squeeze Theorem, we are done.

8.2 a.e.-u and the a.e.-y version of LDCT
Note

Changes made on a set of measure 0 will not affect integrability or the value of the
integral.

We say that two functions f, g : X — R are equal almost everywhere with respect to
1, denoted by f=g a.e.-y, to mean that there exists a set Z € 9t such that:

w(Z)=0 and f(z)=g(z) forall z€ X\ Z.

The preceding definition makes sense even if f and g are not Borel functions. In the
case of interest when f, g € Bor(X,R), we can also use an equivalent description
of equality almost everywhere, as given by the next proposition.

Proposition 8.9

Let f, g € Bor(X,R), and denote
M= {zeX| f(@)#g)}

1. We have that M € 91, hence the quantity u(M) is well-defined.
2. We have

(f=g ae- ) <> (u(M)=0)
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Let f be a function in Bor™ (X, R) such that f = 0 a.e.-u. Then it follows that

/deuzo

and in particular we can be sure that f € £ ().

Proof: For every n € N, let f,, = f A n, where n : X — R is constantly equal to n. That is,

_Jf@)if f(z) <n
fal2) = {n, if f(x)>n

We have that f,, € Bor(X, R) because Bor(X,R) is stable under A. It is trivial to check
that f,, ,/* f (fill in proof). By MCT,

[ £du= tim g,
X n—oo

So in order to get fX fdp =0, it suffices to check that fX fndp =0foralln € N. But
now observe: f,, < nx foralln € N, where Z = {z € X | f(z) # 0}. This is true
because for z € Z, use that f, (z) < n = nxz(z), and for

z€X\Z={zeX| f(z) =0}, wehave f,(z) =0 =nxz(z). So then indeed, we

have
OS/ fnduS/andu=nu(Z)=0
X X

Hence, fX frdu = 0, as desired. We further have that fx fdp=L*(|f]) = LT (f) < oo,
so f € L (). O

Proposition 8.11

Let f, g be two functions in Bor(X, R) such that f = g a.e.-u. Suppose that one of
these functions, say f, is in Lt (). Then it follows that the other function is in
L (1) as well, and we have the equality of integrals

/deu=/xgdu~

Proof: The hypothesis that f = g a.e.-p1 is equivalent to the fact that |f — g| = 0 a.e.-p.
, and tells us that

Hence Lemma 8.10 applies to |f — g
F-gleBort (X.RINL ), [ I~ gldu=o.
b's

But then f — g must be in £ (), since its absolute value is there, and it follows that
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g=Ff—(f—9) €L (p)

as well, because £ (p) is stable under linear combinations.

Finally, for the statement about the values of the integrals, we write

[ tan= [ gau|=| [ 1= < [1r-gau=o.
X X X X
Hence
/fdu=/ydu,
X X
as required. O
Remark 8.12

The converse of Lemma 8.10 is true as well: if f € Bor" (X, R) is such that

/deu=0,

then it follows that f = 0 a.e.-pu.

Proofilet Z ={x € X | f(z) # 0} = {x € X | £ > 0} has u(Z) = 0. For every n € N,
let Z, ={z€X | f(x)>1}.ThenZ, C Z,C..C Z, C .. withU, Z, = Z.
Why is it that Z,, C Z,, ,? Because for z € X, f(z) > L = f(z) > n%rl

Why is it that U2, Z,, D Z? Because if z € Z, then f(z) > 0, hence there existsn € N
such that f(z) > 1.

By continuity of p along increasing chains, we have
w(Z) = lim p(Z,)

n—oo
In order to prove that y(Z) = 0, it suffices to prove that u(Z,) = 0 for all n € N. And
indeed, for every n € N, we observe f > %in. Check: z € Z,, = %in (z) =L < f(2)
andz € X\ Z, = %in(:c) =0 < f(z). Hence,

1 1

0= [ fdp= | —xz,du=—p(Z,) =0
X XN n

This implies that (Z,,) = 0. Therefore, u(Z) = 0. Therefore, f = 0 a.e-p. O

PMATH 450 41



PMATH 450 L (1) spaces

Theorem 8.13 a.e.-p version of the LDCT

Let f and ( fn)zo: , be functions from Bor(X, R) such that the following hold:
1. there exists a set Z; € 9 with u(Z;) = 0 such that

lim f,(z) = f(z)

n—o0

foreveryx € X \ Zy;
2. there exist a set Z, € 9t with u(Z,) = 0 and a function
h € Bor*(X,R) N L1(p) such that

|fn(2)] < h(z)
for every n € Nand every z € X \ Z,.
Then f and fy, f5, -, fp, .- are all in £1(p), and

lim fodp= / fdu.
X X

n—o0

Proof:Let Z = Z, U Z,, where Z € MM, u(Z) = 0. Note that the hypotheses 1 and 2 still
hold in connection to Z.
Idea: Let f = fxx\z and for every n € N, let f= FnXx\z- Observe that fand (fn>oo )

satisfy the hypotheses of Theorem 8.1 (LDCT). Hence, Theorem 8.1 can be applied to -
conclude that f and fl, f2, e fn are in £'(p) and

/an—> Fdu

n—00
X

On the other hand, observe that f = f a.e- and fn = f,, ae-pforall n € N (this is
because p(Z) = 0). Then Prop 8.11 allows us to conclude that f € £1(u) with

fX fdu= fX f du. Likewise, for every n € N, f,, € £'(u) and fX fodp = fx £, du.
Finally,

becomes
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9 L(u) spaces
9.1 Basic stuff about £! (1) spaces

For every f € £L1(u), we denote
Il = [ 1fldu e fo,00)
X

The map f > || f|; is often referred to as |-||;, where the dot is a placeholder for a
function f € L1 (p).

Claim : ||-|; is a seminorm on £ (). That is:
1. |fly > 0 for every f € L ().

2. |f + gl <1 £l + gl for every f,g € L(n).
3. |lafly = |el| f]; for every f € L1 () and every a € R.

Proof: Non-negativity and homogeneity are immediate from the definition of |||, and the
corresponding properties of the integral.

For subadditivity, let f,g € £1(u). Since
[f +gl <[f1+ 19l

as functions in Bor™ (X, R), monotonicity and linearity of the integral give

nf+ﬂ1=/Wf+mdu
X

SLWHMN#

=me+me

= [l + lgl-

PMATH 450 43



PMATH 450 LP(p)-completeness

Remark 9.2

The only norm axiom that can fail for |-|; is positive definiteness. To be a norm, we
would need

Ifly=0=f=0
as functions on X, where 0 : X — R denotes the identically zero function.
However, Lemma 8.10 and Remark 8.12 give only the weaker statement
£l =0 £ =0 ae-p

This does not imply pointwise equality to 0. For example, if there is a nonempty
measurable set A with u(A) = 0, then x 4 # 0 as a function, but

Ixal, = / xXadp = p(A4) =0.
p's
Thus |-|; is generally only a seminorm on £1(u).

Note

We do not use equivalence classes to get a normed space and instead use semi-
norms.

Let p € [1,00). We denote
£P(n) = {f € Bor(X,R) | [ 17 d < oo},
b'e

where the integral is considered in the L™ sense. For f € £P(u), we put

171, = ( / I du) " € [0,00).
X
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Note

1. Observe that [af], = ||[f], forall « € R, f € L' (u). This is why we define
I, by exponentiating the integral with % (to guarantee homogeneity).
Indeed, we have that

kﬂp</MWw><W/fWO — oIl
X X

2. In the special case p = 1, this recovers the definition of £!(u) and the
seminorm || ;.

Proposition 9.4

Let p € [1,00). One has that £P () is a linear subspace of Bor(X, R).

Proof: We need to check that £P(p) is stable under addition and scalar multiplication. It is
non-empty since it contains the zero function.

Stability under addition. First observe that for every a,b € R,
la+bP < (2max{[al, [b[})” < 27 ([al” + [b]P).
Hence, for f, g € Bor(X,R),
|f +glP <2°|f|P + 27[g|?

as functions in Bort (X, R). Integrating both sides in the L™ sense gives
[irgrans [ ifirans2 [ jgran
X X X
If f, g € LP(p), then the right-hand side is finite. Therefore
[ s+ gl du<oe,
X

so f+4g € LP(1).
Stability under scalar multiplication. Let o € R and f € LP(u). Then af € Bor(X,R), and

[larrdu=lap [ 17pdn< oo
X X

Hence af € LP(p). 0
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Remark 9.5

1. Pick p € (1,00) and consider the function |-|, on the vector space LP(u). Is
|, a semi-norm (similar to how |[-||; was found to be a semi-norm on L£* (11))?
It is easy to see that ||, is non-negative and homogeneous, but sub-additivity
is not obvious. So, we need

If + gl <171, + g,

for all f,g € L£P(p). This is called Minkowski’s Inequality.
2. We also record the analogue of the positive-definiteness issue from £1(y). For

f e Lr(p),
Ifl,=0< f=0 ae-p.

Indeed,

||f|\p=o<:>/ FPdu=0<> [fP =0 ae-p<s f=0 ae- g
X

where the middle equivalence uses Lemma 8.10 and Remark 8.12. Thus, just as

for |-
functions that agree a.e.

1> the map ||-[|,, is generally not a norm on £P(u) unless we identify

Note

In order to get Minkowski’s inequality for an exponent p € (1, 00), here is the idea:
the exponent p has a conjugate exponent ¢ € (1, c0), and we can get Minkowski’s
inequality in the space £P(u) by playing it against the conjugate space £7(p).

Two numbers p, g € (1, 00) are said to be conjugate exponents when they satisfy

S4-=1
P q

Thus, given p € (1, 00), there is precisely one conjugate exponent for it, namely

Note

The point is that even if we want to prove a result only about £P(u), such as
Minkowski’s inequality, it may still be useful to bring in the sibling space £9(u)
associated to the conjugate exponent.
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Proposition 9.7 Holder’s Inequality

Let p, g € (1, 00) be such that % + é =1.If f € LP(p) and g € L9(p), then
f-g€L(p),and

If- gl <171, - l9ll, (Holder-1)

/Xf~gdu

Consequently,

<|fl, - lgl,- (Holder-2)

Note
Holder’s Inequality is a generalization of Cauchy-Schwarz.

It also introduces a duality between £P (1) and L£9(p). To every function f € LP(p),
we associate a linear functional ¢ : £(u) — R,

= o d
vs(9) /X(f g9)dp
forall g € LI(p).

Note

p = 1,2, 0o are the most important £P (1) spaces.

Remark 9.8

Before proving Holder’s inequality, let us first look at the important special case
p = q = 2. In this case, Holder’s inequality says that

frgeL?(p) = f-ge L' (n).

This lets us introduce an inner-product notation by putting
(f:9) = / f-gdueR
X

for f,9 € L2(u).

The corresponding form of Holder’s inequality is the Cauchy-Schwarz inequality
for £2-functions:

) < 1fl2 - lgla,  £.9 € L2(w).

We now prove Holder’s inequality. The first step is to record the elementary
inequality used in the proof.
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Letp,q € (l,oo)with%—l—%: 1. We have ab < %—l—b—;foralla,be [0, o).

Proof: Based on the shape of the graph of the exponential function (since it is concave up).
O

Let p, g € (1, 00) be such that % + % =1,andlet f € £P(u) and g € LI().
Suppose that

Il
=

I£1, = lgll,

/Xf~gdu

1
Proof: Observe | f||,, = 1 implies that (fX |f|P d,u,) ? =1, which implies that
fX | f|P dp = 1. Likewise, fx |f|7du = 1. Applying lemma 9.9 to @ = | f(x)| and
b = |g(z)| with z € X, we obtain

Then f- g € £L1(u), and

<1

[f(@)llg(z)] <

forall z € X. Hence, |f - g| < %\f\p + %|g|‘1, 0

1 1
/}(\f-g\dﬂé/)(<5|f|”+5\g\q> du
1

as required. 0
Proof of Holder 1: We have (p, q) € (1, 00) with % + % =1land f € LP(p),g9 € LI(p).
We want f - g € L1 (n) and |f - gly < [£], - lgl,-

Denote || f],, = o € [0,00) and ||g], = B € [0, c0).

1. Case 1: a = 0. Then | f|, = 0 implies that f = 0 a.e-u1. Hence f - g = 0 a.e-u, so

If gl =0=a-8=Ifl,lgl, )
2. Case 2: a # 0 #+ (. Define f = éf,g = %g. We have f € £P(u) with
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= 1 1 1
171, - HafH =l = 2o =1

Likewise, § € £(p) with ||g]|, = 1. Applying Lemma 9.10, we get that f-geL(p
with Hf gH < 1.Butthen f = af,g=£§.50 f - g = (af) - (f g) Therefore,

fg€ L () with £ - gl, = |(@B) - F-g| =aB|f-g]| <aB=Ifl,-lgl,

Let f € LP(u).
1. Define ¢4 : L9(p) — Rby

vr(g) = / f-gdp, g€ Lip).
X
This definition makes sense by Holder’s inequality, since f - g € £ (u).

2. The map ¢, is linear, and Holder’s inequality (Holder-2) gives

les ()] <1fllp - lglys 9 € L9(w).
3. Hence the set

{les@)] 1 g€ £%(w), lgl, < 1}
is bounded above by | f|,. We may therefore define
A(f) = sup{|es(9)] | g € LI(w), lgll, < 1} € [0, 00),

and we have A(f) < | f],-

Let f be a function in £P(u), and consider the number A(f) € [0, co) defined above.
Then

A = 11,

Proof: A\(f) < | fl, was seen in Remark 9.11. For A(f) > | f|,,, we will define a function
go € L(p) such that

lgol, <1 and @¢(g0) = /], @
Using this g,, we will infer that

A(f) 2 ¢ 4(90)]
=1,
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which will give A(f) > | f],-

Question: How do we find g,? Think of the case p = ¢ = 2. There, we have

wslg) = fo ~gdu = (f,g) for f,g € L2(u). Given f € L£L2(u), want to find g, € £2(u)
with go, = 1 and (7,90)| = |1 - Il (equality in Cauchy-Schwarz).So try g, = o
for suitable o € R. For general p € (1, 00), we have g # p. So we cannot do g, = af, but
observe that h = | f|7 is in £9(y) because k9 = | f|P hence fX hidp = fX |fIPdp < oo.

Claim 1: One can find © € Bor(X,R) such that |u(z)| = 1 for all z € X and such that
f=u-|fl.
Verification of Claim 1: Let u : X — R be defined by

_JLif f(z) >0
u(z) = {—l,if flz) <0

This does the job (please fill in why: in particular, explain u € Bor(X, R)).
Claim 2: Let h = u - | f|4 with u as in Claim 1. Then h € £9(y) and has

() Al = 1117

and
Kok hdy = p
(%) /Xf w=fI5

Verification of Claim 2: Straightforward calculations. For (), we have
q

IRl = [|u- 115
(/'1rf5qdu>
X
(/fpdu)
X

= (IfI5)*
= 1£13
— I

For (#x), we have
fh=(ulf])(u-|£]7)
= f] = £

So [ fhdu= [ |f7du=|Iz.

PMATH 450 50



PMATH 450 LP(p)-completeness

Conclusion of the proof: recall that we need g, € £%(u) with | g, ||q <1land

/ faodu =111,
X

If | f|,, = 0, then we can use g, = 0. So suppose | f||,, # 0. Let h be as in Claim 2, and put
go = m%h € L9(u). Then g, will work in 4. Claim 2 gives | g, Hq =1, and Claim 2 gives
P

Iy faodp=1fl, 0

Proposition 9.13 Minkowski’s Inequality

For every f;, fo € LP(u), one has
£+ £, <IAL + 11,

Proof: Due to Lemma 9.12, this proposition is equivalent to proving
AMfi+ f2) SAf1) +A(f2) @

Since

Af1+ f2) = sup{|es, 11, (9)]9 € L), lgl, < 1}

= sup{

/ (fo + fo)gdu
X

/ (fr + f2)gdp
X

| g€ Li(p),lgl, < 1}

It suffices to check that

< A1) +A(f2)

for every g € L9(p) with |g], < 1. And indeed, for such a g, we write
/ flgdu+/ fagdp
b's b's

/Xflgdu /Xf29du

= le;, (@] + ey, 9)]
<) + A(fp)-

Taking the supremum over all g € £7(p) with ||g||, < 1 gives (x), and therefore
I+ £, <IAL + 11,

/ (fi + f2)gdu
X

< +
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Corollary 9.14

The map |-, is a seminorm on the vector space LP(i).

10 LP(u)-completeness

10.1 Completeness in the framework of a semi-normed vector space
In this part of the lecture, we fix a couple (V, ||-|) where V is a vector space over R, and
where the map || : V — [0, c0) is a seminorm. A possible name for the couple (V, |-|) is
thus a semi-normed vector space.

We have to keep in mind that |-| is not assumed to be a norm, so the null-space
Ni={veV]|v| =0}

may include non-zero vectors. But even without assuming that |-| is a norm, we can still
define (with some care) the notions of convergent sequence and of Cauchy sequence in V.

Let (vn):;l be a sequence of vectors in V, and let v be a vector in V. We say that
(vn)zozl converges to v to mean that one has

Jim lv,, — v =0

Remark 10.2

In the framework we use here, the limit of a convergent sequence is not uniquely
determined. Indeed, suppose that (vn)zo: , is a sequence in V for which we proved

that (vn):c’: , converges to v, and someone else has proved that (vn):c’: | converges
to v’. The familiar trick of writing

lo =o' < lv—vp] + o, =", VneN

and then making n — oo will lead us to the conclusion that ||v — v’|| = 0. But this
will not necessarily imply that v = v’.
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Let (vn)(::l be a sequence of vectors in V.

1. We say that (vn):ozl
following condition:

is a Cauchy sequence to mean that it satisfies the

(Cauchy) For every € > 0 one can find n, € N
y such that: whenever m,n > n,, it follows that |v,, — v, | <€

2. We say that (v,,)>"

. isa %—geometrl’c sequence to mean that one has

1
v — Vpya ]l < on’ vn € N.

Remark 10.4

The familiar arguments you know from studying normed vector spaces in PMath
. . . . oo

351 work to prove the following implications about a sequence (v,,) " of vectors

in V.

1. If (v,,)° . is convergent to some v € V, then it is Cauchy.

n=1
2. If (vn)zoz L s 3-geometric, then it is Cauchy.
3. If (vn)zo_ | is Cauchy, then it is possible to select indices
N (oo}
1< n(1) <n(2) <...<n(k) < ... such that the subsequence (’Un<k))k ) is 1-
geometric.
A semi-normed space (V, ||-|) is said to be complete when for every Cauchy
sequence (vn)zo: , in 'V, there exists v € V (not necessarily unique) such that
(vn)zc’:1 converges to v.
Remark 10.6 Completeness Criterion

Fact: Let (V, |-||) be a semi-normed space such that every 1-geometric sequence in
V converges to some vector in V. Then (V, |-||) is complete.

Factg: Let (V, |-|) be a semi-normed space for which we know that whenever
(wn):i1 is a 1-geometric sequence in V with w; = 0,), there exists w € V such that
(wn)zoz1 converges to w. Then (V, ||-|) is complete.

Proof of Fact: Let (vn)zoz , be a Cauchy sequence in V. By the preceding remark, choose
indices

1<n(1) <n(2) <..<nk) <..

such that (vn(k))w is %-geometric. By hypothesis, there is v € V such that
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Jim [y o] 0.

We claim that the whole sequence converges to v. Fix € > 0. Since (vn):; , is Cauchy,
choose N € N such that

o —vall < 5
whenever m,n > N. Since v, — v, choose k € N with n(k) > N and
o =0l < 5
Then, for every n > N,
lon =l < o0 = g || + [one — o] <.

Hence v,, — v, so (V, |-]) is complete. O

Proof of Fact: It is enough to check the hypothesis of Fact above. Let (vn)zoz , beany %-
geometric sequence in V, and set w,, := v,, — v;. Then w; = 0,, and

1
”wn _wn+1” = an _’Un-%—lH <on

2n’
By the hypothesis of Fact,, there exists w € V such that w,, — w. Hence
lon, = (w+vy)| = |w, —w| = 0.

Thus every 3-geometric sequence in V converges. By Fact, (V, |-[) is complete. O

10.2 Completeness of (L (), |-|,)

»

Let fi, fo, .-, [, --- be a sequence of functions from X to R. We consider the “help
functions h,, : X — [0, c0) defined by

hy = fil, ho=fl+1fo = fil, hy=I1fil +fo = fil +1f3 = fal, -

and, in general,
hy = 1fil+ D1 fom = Fnal-
m=2

We observe that (hn)zoz is increasing and we denote

1

Z := {m € X | lim h,(z) =oo}

n—oo

Then, for every z € X \ Z, the sequence (f,, (ac))zoz is convergent in R.

1
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Proof:xz € X \ Z.Since z ¢ Z and (h,, (:E));il is increasing, then there exists £ € [0, o)
such that h,,(z) — £. For m < n in N, the telescoping triangle inequality gives

(@) = @) < Y 1il@) = froa(@)] = by (@) = By ().

k=m+1
Since (hn(x))zo=1
thatif n > m > N, then h,, () — h,,(z) < &. The displayed inequality gives
| fo(2) — fo(z)] <€, s0 (fn(:v))zil is Cauchy. Since R is complete, (f,,(z))"°

n=1
converges. O

converges, it is Cauchy. Hence, for every € > 0, there exists N € N such

Note Addendum to MCT

Let (X, 9, ) be a measure space. Let u; < uy < ... < wu,, < ... be functions in
Bor™ (X, R), and suppose there exists Z € M with x(Z) > 0 such that

lim u,(z) =00 for every z € Z.
n—o0

Then

r}LHc}o u,, dpu = oo.
Proposition 10.8
Let (X, 90, ) be a measure space, let p € [1,00), and let (fn)f;l be a sequence of
functions in £ () such that f; = 0 and

1
an - fn+1Hp < o’ Vn € N.

Upon applying to the functions ( fn):o= , the general convergence mechanism from
Lemma 10.7, we get a function f : X — R, as described there.

Then f € £P(p), and

Jim [ f, = f[, = 0.

Proof: We use the help functions (hn)zoz , and the set Z defined in Lemma 10.7. Since
f1 =0, we have

h1:07 hnzzlfmifmfl‘ (’IZZQ)
m=2

In addition, define h : X — [0, 00) by

h(z) = {O,If.’l} ez

(z),ifx e X\ Z
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Claim 1: For every n € N, we have h,, € £LP(u) and ||hn||p <L

Proof of Claim 1: The case n = 1 is clear. Now suppose n > 2. For 2 < m < n, put
Uy = | frn — fim—1|- Since LP (1) is stable under linear combinations and lattice
operations, u,,, € LP(u). Also,

1
leml, = 1fm = fmal, < 5

Since h,, = uy + ... + u,,, Minkowski’s inequality gives

1 1
Il < sl o], < 54 gy <1
Hence h,, € LP(p) and |h,, Hp <L
Claim 2:
1. Let Z = {z € X |lim,_,, h,(z) = co}. Then Z € M and u(Z) = 0.

2. Moreover, let h : X — [0, c0) be defined by

_ flim, , h,(z),ifzeX\Z
h(z) = {O,if ez

Then h € LP(p) with |[h]|, < 1.
Proof of Claim 2: We consider the increasing sequence
0=h <hh <. <ht<.

in Bor™ (X, R). By Claim 1,

/ B dp=|h P <1, VneN,
x P
and hence

lim h? dp <1 < oo.

n—o0

The addendum to MCT implies that
. Pl _
{meX \T}er)lohn(x)—m} em

and has measure zero. This set is precisely Z, since lim
lim h,(z) = co. Thus Z € M and pu(Z) = 0.

n— 00 n

hE(x) = oo if and only if

n— 00

Moreover, applying the same addendum to the present situation gives

lim h? dp = / hP du.
X X

n—o0

Combining this with the preceding bound gives
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/hpdugl.
X

Hence h € LP(p) and ||b], < 1.

Claim 3: f € Bor(X,R).

Proof of Claim 3: The function f can be written as the pointwise limit of the sequence
(anX\Z):;. Each function in this sequence is in Bor(X,R), and Bor(X, R) is closed
under pointwise limits. Hence f € Bor(X,R).

Claim 4: Fix an n, € N and consider g := f,, xx\z — f € Bor(X,R). Then g € L (n)
with |g], < o

Proof of Claim 4: For every n € N, let g,, = f,, Xx\z — fuXx\z- Then
g(z) =lim,_, g,(z) for all z € X. Observe that for n > n,

19all, = | (Fny = )02,
< [[f = Sl

Also, g,y — g(z) for every z € X, and |g,,| < h for all n > n,. By LDCT applied to

19,7, we get
1 P
P = 1i p [
/Xlgl dp = lim /Xlgnl dp < (2%71) :

Therefore g € L£P (1) and ||9||p < 2"%
Claim 5: f € LP(p).

Proof of Claim 5: Fix n, € N. We can write

f= anXX\Z - (anXX\Z - f)-
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The first term belongs to £ (p) because f,, € L£P(p) and multiplication by x x 7 cannot
increase the p-seminorm. The second term belongs to £P(u) by Claim 4. Since £P () is
stable under linear combinations, f € £ ().

Claim 6: We have lim,,_, | f,, — f||p =0.

Proof of Claim 6: Apply Claim 4 with ny = n. Since y(Z) = 0, the functions f,, — f and
fnXx\z — [ agree a.e.-u. Therefore

U= 11, = Iz = 7], < s

Letting n — oo gives || f,, — f”p = 0. -

Corollary 10.9

(£2(p), |-I,,) is complete.

Corollary 10.10

(LP(w), |-l,,) is complete (hence a Banach space).

Let (X, 90, 1) be a measure space, and let f and (fn):il be functions in Bor(X, R).

We say that ( fn)zo: | converges to f almost everywhere with respect to p (or a.e.-p,
for short) to mean that there exists a set Z € 9t with (Z) = 0 and such that

lim f,(z) = f(z) foreveryze X\ Z.

n—o0

Note

In the proof of Prop 10.8, at the same time with | f,, — f||p — 0, we also obtained
n—o0

convergence p-almost everywhere.

Corollary 10.12

Let (X, 90, 1) be a measure space, let p € [1,00) and let (fn)zo:1 be a sequence of
functions in £? () such that

1
— <—, VnelN
”fn fn+1”p = on’ Y
Then there exists a function f € L£P(u) such that

lim f,=f a.e-pu.

n—oo
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11 Bounded Linear Functionals on £2(p).

For this lecture, we fix a measure space (X, 90, u).

Let ¢ : £2(u) — R be a linear functional. We say that ¢ is bounded to mean that
there exists a constant ¢ > 0 such that

(Bdd) |e(N)l <c-Ifls; V€ L)

Note

The above definition is equivalent to saying that

sup{|o(£)| | f € L2(w), [ f], <1}

is finite. In that case, we define

lel = sup{lo(H)] | f € L2(w), Il <1}

This is the operator norm of ¢.

Remark 11.2
If f,g € £2(p), then f - g € L' (1) by Holder’s Inequality. So, it makes sense to
define ¢ : £?(p) — R by

g ({f9)

where (f, g) = fX f - gdu. Note that ¢ is a linear functional since integration is
linear and ¢ is bounded because for any g € £?(u), fX f-gdp < c||g|y, where

¢ = |fl2

Theorem 11.3 Riesz Representation Theorem for £2 ()

Let ¢ : £2(u) — R be a bounded linear functional. Then there exists an f, € £2(u)
such that

o(g) = (f,,9), VgeL(u).

For every f, g € £L%(u) we have

(Parllg-Law) [[f + gl + 1 — g3 = 2(1£13 + lgl3)-

Proof: Regard f and g as vectors in the (almost) Hilbert space £2(u) and consider the
subspace
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span {f,g} = {af +bg | a,b € R}.

This subspace contains f and g and is generated by two vectors, so its dimension is at

most 2. Thus all four vertices 0, f, g, f + g lie in a Euclidean plane (or in a line in the
degenerate case).

These vertices form a parallelogram whose four side lengths are || f|, |92, | ]2 |gll2- Its
diagonals have vectors f 4+ g and f — g, and hence lengths || f + g|, and | f — g|5-

If either f or g is zero, the result is immediate. Otherwise, let 8 be the angle between them.
Applying the cosine law to the two diagonals gives

If + 95 = 1713 + 913 + 21 fl2gl; cos

and

If —gl3 = 1715 + 913 — 211219l cos 6.

Adding these identities cancels the angle-dependent terms and yields

If + 93 + 1f — gl3 = 21 £13 + 2913,

as required. 0

Let ¢ : £2(u) — R be a bounded linear functional which is not identically equal to
0. Consider the set

U= {ueLn)|p()=1}

Then:
1. The set U is not empty.
2. Denoting

a, = nf{]ul, | v e U},

we have that o, > 0. View o as the distance between I/ and 0 in £2(u).
3. There exists a u, € U such that |y, |, = a,.

Proof:
1. Since ¢ is not identically equal to 0, we can choose f € £2(u1) such that ¢(f) # 0.
Put
1
wi= ——- f.
¢(f)
Then
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so u € U. Thus U is not empty.
2. Since ¢ is bounded, there exists ¢ > 0 such that

el <e-Ifla VFE L)

In fact ¢ > 0, since ¢ = 0 would imply ¢ = 0. If u € U, then
L= lp(u)] < c-fuls,

hence |uf, > 1. Taking the infimum over u € U gives

1
a, 2 E > 0.
3. By the definition of «,,, choose a sequence (un):il inU such that [u,, |, — a,. We
claim that (u,,) is Cauchy. For m,n € N, the midpoint % belongs to U, since
U, + un>
—— | =1
o5
Hence
Uy + U
H | 2

or equivalently |u,,, + u,, H; > 4a2. By the parallelogram law,
Fem = tnlly = 2l + 2lnly =l +

2 2
< 2fu, [, + 2fu, [, — 403

The right-hand side tends to 0 as m,n — 00, so (u,,) is Cauchy in £2(u). By
completeness of £2(p), there exists u, € £2(u) such that |u,, — Uy, — 0.

Since ¢ is bounded, ¢(u,, —u,) — 0, and therefore
p(up) = lim p(u,) = 1.
Thus u, € U. Finally,

|||uo”2 - ||Un||2‘ < ”uo - un”27

50 [lug|ly = limy, s un, = ay.
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Let ¢ : £2(u) — R be a bounded linear functional which is not identically equal to
0. Let the set

U= {ueLn)|p()=1}

and the special element u, € U be as in Lemma 11.5. On the other hand, consider
the set

Vi={ve L2(u) | p(v) =0}

(the kernel of ¢). Then (u,,v) = 0 for allv € V.

Proof: Fix v € V. For every t € R, we have
plu, +tv) = p(u,) +tp(v) = 1,
so u, + tv € U. By the definition of o, and the choice of u,,
luo + tv], 2 oy = Ju,ll,-
Squaring and expanding gives
ag + 2t{uy, v) + 2 ]3 > o,
and hence

t2|v|2 + 2t(u,,v) >0, VteR.

If v = 0, the conclusion is immediate. Otherwise, the discriminant of this nonnegative
quadratic is nonpositive, so

4(u,,v)* <0.
Therefore (u,,v) = 0. O
Proof of Theorem 11.3:If ¢ = 0, take f, = 0. Then

e(9) =0={f,9), YgeL ).

Suppose now that ¢ is not identically zero, and let u, be the element given by Lemma 11.5.
For any g € £2(u), put

Since ¢(u,) = 1, we have

so v € V. Lemma 11.6 therefore gives
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0= (u,v)
= (U0, 9) — (9)(uo: o)
2
= (g, 9) — (9)[uol;-
Since |[u, [, = a, > 0, we may define
uO
fo = 2"
lu

It follows that, for every g € £2(u),

w(g) (e, 9) (f0r9)-

= Werd) _
Il

This proves the theorem. O

12 Radon-Nikodym Theorem

Fix a measureable space (X, 90) for this lecture.

Let p, v : MM — [0, oo] be positive measures. We write v < u to mean that

v(A) < p(4), VAeMm.

Proposition 12.2

Let p1, v : I — [0, 0o] be positive measures such that v < p. Then

/fdug/fdu, Vf € Bort(X,R).
b's b's

Proof: We use the method of friendly functions. Let

G:= {gEBor+(X,R) \/ gduﬁ/gd,u}.
X b

We verify the four properties in Lemma 6.9.

(i) If A € 9, then
[ xadv=va) <) = [ xade (since v<p)
X X

Hence x4 € G.
(ii) If g1, g5 € G, then additivity of the integral gives
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Thus ¢g; + 9, €G.
(ili) If g € G and « € [0, 00), then homogeneity gives

/agduza/ gdv
X X

Sa/ gdu (sincege Gand a>0)
X

= / agdy.
X
Therefore ag € G.

(iv) Suppose g € Bor™(X,R) and (gn);"i1 is a sequence in G such that g,, /* g. By the
Monotone Convergence Theorem,

/ gdv = lim g, dv
X n—o0 X

< lim g, du (since g, € G for every n € N)
X

n—oo
= / gdp.
X
Hence g € G.
Lemma 6.9 now gives G = Bor* (X, R), which is precisely the desired conclusion. 0
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Remark 12.3 The Converse of Special case of RN Theorem

Suppose p is a positive measure and h € Bor™ (X, R). We can define a positive
measure v by

v(A) ::/hduz/ hx4dp, VAeM.
A X

We denote this relationship by dv = h dp.

Suppose, in addition, that h(z) < 1 for every € X. Then hx 4 < x 4 for every
A € M, so monotonicity of the integral gives

v(4) = / hxadp < / Xadp = p(A).
X X
Therefore v < p.

Theorem 12.4 A special case of the Radon-Nikodym Theorem

Let p1, v : I — [0, 0o) be finite positive measures such that v < p. Then there
exists b € Bort (X, R) such that h(z) < 1 for every z € X and such that
dv = hdp. That is,

I/(A)z/hd,u, VA e M.
A

Moreover, h is uniquely determined in the a.e.-y sense. That is, if b € Bor™ (X, R)
also satisfies dv = h dp, then

h=h ae-p.

Remark 12.5 Comments about the Theorem

1. Tt is easy to see that the converse of Radon-Nikodym (Remark 12.3).
2. The function h obtained by the theorem is called the R-N Derivative of v with
respect to . We denote it by

_dv

dp

3. The R-N derivative is unique modulo almost everywhere equivalence. This
follows from Q2 of A3.

4. The difficult part of Theorem 12.4 is the existence of h. We will prove this
using an £2-space.

h

Some lemmas toward the proof:
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Let p, v : M — [0, 00) be finite positive measures such that v < p. Then
L2(n) C L2 (v),

and, for every f € £2(u),
1120 < 1fl2,-

Proof:Fix f € £L%(p). Since | f|> € Bor* (X, R), Proposition 12.2 gives

/X|f|2dus/xwf\2du<oo.

Hence f € £2(v), proving £2(u) C £2(v). Moreover, the same inequality says
113, < If

Taking square roots yields | fll;,, < | fl2 - O

13,00

Let v : 9 — [0, 00) be a finite positive measure. Then
L32(v) C LY (v).

Moreover, for every f € L£2(v),

/dey

Proof: Since v is finite, the constant function 1 belongs to £2(v) and

Ml = [ 1dv = VA1)
X

< V(X - Il

Fix f € £2(v). By the Cauchy-Schwarz inequality (or Holder-2 with p = g = 2),
[ 110 = [ 171 1a0 < Ul 1k, = VI [l < o
X X
Thus f € £ (v), proving £L2(v) C L£1(v). Finally,

/ fdv| < / 1l < Vo) - |l
X X

as required. 0
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Proof of Special case of Radon-Nikodym: Suppose i, v : 9 — [0, 00) are finite positive
measures such that v < p. We want a Radon-Nikodym derivative h € Bort (X, R).

Scratchwork: the desired h will have

[ xade= [ xandu
X X

for all A € 9t which implies that
/ gdv = / ghdp
X X

for all g € Bor* (X, R) (by Prop 7.10 / Q1 on A3). Note that fX gh dp looks like an inner
product, which reminds us of Riesz Representation.

Claim 1: It makes sense to define ¢ : £2(u) — R by

v(g) = /ngv

for all g € L£2(p). Moreover, ¢ is a bounded linear functional on £2(1).

Verification of Claim 1: We have that £2(u) C £%(v) C £}(v) (by Lemma 12.6 and
Lemma 12.7, respectively). So for g € £2(1), it makes sense to define p(g) = fX gdv eR.
( is linear because of the linearity of the integral with respect to v. Moreover, for

g € L2(p), we get
/ gdv
P

by Lemma 12.7 and 12.6, respectively, with g viewed in £2(v).

<VY(X)-g

2,v < \% V(X) ) ”9”2,;1

lo(g)| =

Claim 2: There exists f, € £2(u) such that

@/ng=/ fogdu
X X

Verification of Claim 2: By Claim 1, ¢ is a bounded linear functional on £2 ().

forall g € L2(p).

Therefore, the Riesz Representation Theorem gives an f, € £2(u1) such that

o(g9) = (f0,9), Vge L (u).

By the definitions of ¢ and the inner product on £2 (1), this identity becomes

/gdu=/ fogdu, g€ L2(),
X X

which is Q.

PMATH 450 67



PMATH 450 Radon-Nikodym for v <« p

Claim 3: Let f; € £2(u) be asin Claim 2. Let Z_ = {z € X | fy(z) < 0} and
Z,={zeX| fo(z)>1}.ThenZ_,Z, ¢ Mand u(Z_) = p(Z,) = 0.

Verification of Claim 3: Since f, € £2(u) C Bor(X,R),
Z_ = f3'((—00,0)) and Z, = f;*((1,00))

belong to 9. Since p is finite, both x ; and x;_belong to L2(u). We may therefore
substitute either indicator function for g in Q.

First, using g = x; gives
0<v(Z)= / foxz du <0,
X
because fox; < 0.Hence
/ (—fo)xz dp=0.
X

The integrand is nonnegative, so Remark 8.12 implies that (—f)x; = 0 a.e.-p. Its set of
positive values is precisely Z_, and therefore u(Z_) = 0.

Next, using g = Xz, and the assumption v < p, we obtain

—1 dp = dp — d
/X(fo )XZ+ K /XfoXZ+ © /XXZ+ ©
=v(Z;) —u(Z,)

On the other hand, (f, — 1)x z, > 0, so its integral is also nonnegative and must therefore
equal 0. Remark 8.12 now gives (f, — 1)XZ+ = 0 a.e.-u. Since its set of positive values is
exactly Z,., it follows that 4(Z, ) = 0.

Conclusion of the Proof: Consider the notation as in Claims 2 and 3. Let
h = fo(l - XZ+UZ,)
That is,

_ Jfo(2),if0< fo(z) <1
h(z) = {0,otherwise

Then h € Bort (X, R) with h(z) < 1 for all z € X. Moreover, note that h = f, ae-p.

Indeed, h — fo = —foXz uz, = 0ae-pbecause u(Z_ U Z, ) = 0. For every A € M,

define g = x4 in 9. So we get v(A) = fx Xadv = fX foxadu = fX hx 4 dps, showing

that h is a R-N derivative. 0

PMATH 450 68



PMATH 450 Radon-Nikodym for v <« p

13 Radon-Nikodym for v < p

13.1 Trick of the Connecting Equation
Fix a measurable space (X, 901).

Let p1, v : I — [0, 0o] be positive measures. Define p + v : 9 — [0, o] by
(p+v)(A):=p(A) +v(4), YVAeMm (13.1)

Then p + v is itself a positive measure. Moreover,
/ fdp+v)= / fd,u—l—/ fdv, VfeBort(X,R) (13.2)
X X X

The integral identity follows from the method of friendly functions.

Moreover, if ¢ and v are finite, then so is p + v.

Proposition 13.2 Trick of the connecting equation

Let p1, v : I — [0, 0o) be finite positive measures. Then there exist functions
hq, hy € Bort (X, R) such that

hi(z) + hy(z) =1, VzelX,

and such that

Q /ghldpz/gthl/, Vg € Bort (X, R).
X X

Proof: Put p := 1 + v. Then p is a finite positive measure and v < p. By Theorem 12.4,
there exists h € Bort (X, R) such that h(z) < 1 for every z € X and

v(A) :/ hdp, VAeMm.
A
Define
hi:=h and hy:=1—h.
Since 0 < h < 1, we have hy, hy € Bor™(X,R), and clearly
hi(z) 4+ hy(z) =1, VzeX.

We prove © by the method of friendly functions. Let

G:= {gEBor*(X,]R) |/ ghld,uz/ gh2dl/}.
b's b's
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We verify the four hypotheses of Lemma 6.9.

(i) Fix A € 9. By the choice of h; and the integration identity in Definition 13.1,

v(4) = / Xahidp
X

=/ XAhld:u"_/ Xahydv.
X X

On the other hand, since hy + hy =1,

XAdl/

S
/XA hy + hy) dv
X

=/xAh1dl/+/xAh2d1/.
X X

All the integrals above are finite because 0 < hy, hy < 1 and p, v are finite. We
may therefore cancel fX X g dv from the two identities, obtaining

/XAhld:u‘:/XAh2dV'
X X

(ii) If g;, g5 € G, then additivity of the integral gives

[+ amdu= [ aibydus [ ghd
X X X

9 h2dzx+/ gohy dv
b'e

Hence x4 € G.

><\><\

(g1 + g2)hy dv.

Thus g1 + 92 S g
(ili) If g € G and « € [0, 00), then homogeneity gives

/ (ag)hy dp = a/ ghy du
X X

a/ ghy dv
X

/X(ag)h2 dv.

Therefore ag € G.
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(iv) Suppose g € Bor™(X,R) and (gn);'il is a sequence in G such that g,, /* g. Since
hi,hy >0, we have g,,h,  gh, and g, hy /* ghy. By the Monotone Convergence

Theorem,
[ atdn=tim [ gy
X n—oo X
= lim [ g,hydv
n—oo X
= / ghydv.
X
Hence g € G.
Lemma 6.9 now gives G = Bort (X, R), which is exactly Q. 0

Consider the framework and notation of Proposition 13.2, and let
S:={z e X | hy(z) =0}
Then S € M and p(S) = 0.

Proof: Note that S € 901 because h, is Borel measurable.

Apply the identity O from Proposition 13.2 with g = x 4. Since by =1land h, =0on S,
we obtain

n(S) = / Xs du
X

= / Xshy du
X

= / Xsha dv
X

=0.
Therefore u(S) = 0. 0

13.2 Radon-Nikodym with absolute continuity

Let p1, v : I — [0, 0o] be positive measures. We say that v is absolutely continuous
with respect to p1, denoted by v < p, if

[AeM and p(A) =0 = [v(4)=0].
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Remark 13.5
Comparing the definitions of v < p and v < pu, we have
[v<p=[v<ul

The converse is not generally true.

Remark 13.6

Recall from Remark 12.3 how a positive measure v : I — [0, 0o] can be
constructed from a positive measure p : 9 — [0, o] and a density h € Bor™ (X, R)
by setting

v(A) ::/hduz/ hxsdp, VAeM.
A b's

Unlike in Remark 12.3, we no longer assume that h(z) < 1 for every z € X. In fact,
h may be unbounded. Consequently, the resulting measure v need not satisfy
v < p. For example, suppose that

A:={ze X |h(z)>2}
satisfies 0 < p(A) < co. Then

v(A) = 2u(A) > p(A),
so v < p does not hold.

Nevertheless, even when & is unbounded, we still have v < p. Why is that?

Theorem 13.7 Radon-Nikodym Theorem

Let p, v : M — [0, 00) be finite positive measures such that v <« p. Then there
exists h € Bor™ (X, R) such that dv = h du. That is,

u(A):/hdu, VAem.
A

Moreover, h is uniquely determined in the a.e.-y sense. That is, if A € Bor* (X, R)
also satisfies dv = h dp, then

h=h ae-p.

Proof: Let hq, hy be the functions satisfying Prop 13.2. Let A = {z € X | hy(z) < 1} and
S ={z € X | hy(xz) = 1}. By lemma 13.3, u(S) = 0. Also, X = AU S (disjoint union).
Notice that for every z € A, hy(z) > 0. So, given f € Bort (X, R), set
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f(z)
g(;p) = hz(ﬂc)’m € 4
0,z €S

We can easily verify that g € Bor™ (X, R). Now, applying 13.2 to g gives

h
[atan=[ £ 3 an
X X 2
:/gthV

X
=/fd1/
A

()
h(z) = T © €4
0,zre X\A

Let

Then fA fhdp = fA f dv Therefore, fs fhdp =0and fS fdv = 0since u(S) = 0 and
v < p, so v(S) = 0. Altogether, we obtain

/deu:/xfhdu

For uniqueness, suppose b € Bor™ (X, R) such that dv = h dy. Notice that
Iy hdp = v(X) < oco. Therefore, S fhdu= [, fhdu. Therefore, S f(h— h)du=0
for all f € Bor™ (X, R). Define

for all f € Bor*(X,R).

P={zeX|(h—h)(z) >0}
and
N={zeX|(h—h)(z) <0}

Then fX xp(h—h)du= fP(h —h)du= fX (h— E)+ dp=0.50 (h— 71)+ =0ae-p.
Similarly, with N shows that (h — l~1)_ = 0 a.e-p. So it holds that h = h a.e-p. 0
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14 Radon-Nikodym Applications

14.1 Lesbegue Decomposition Theorem

Let (X, 90t) be a measurable space.

1Let p: 9 — [0, 00] be a positive measure, and let P € 9. We say that y is
concentrated on P if

w(X\ P) = 0.

2 Let p, v : M — [0, 0] be positive measures. We say that  and v are mutually
singular, denoted by p L v, if there exist sets P, Q € 9 such that

PNQ =g,

u is concentrated on P, and v is concentrated on Q.

Theorem 14.2 Lebesgue decomposition

Let (X, 90) be a measurable space, and let p, v : I — [0, co) be finite positive
measures. There exist unique finite positive measures vy, vy : 0 — [0, c0) such
that
(i) v, + vy = v, where v = vy + v, is called the Lesbegue decomposition of v
with respect to p
(i) v; < p, where vy is the absolutely continuous part of v with respect to p
(iii) vy L p, where v, is the singular part of v with respect to p

Remark 14.3

The uniqueness part of Theorem 14.2 is an elementary verification, left for you to
figure out: Problem P14.1.

For the existence part of Theorem 14.2, we will rely on the connecting equation ©
for the measures ;1 and v established in Proposition 13.2 of the preceding lecture.

This is discussed below.

Proof of Existence in Theorem 14.2: Consider the connecting equation © provided by
Proposition 13.2: there exist hy, hy € Bor™ (X, R) such that

hi(z) 4+ hy(z) =1, VzeX,

and
Q /ghldu:/ ghydv, Vg € Bort(X,R).
X X

In connection with O, Lemma 13.3 also tells us that, upon defining
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S:={zeX|h(x)=1}={x € X | hy(x) =0} €M, (14.1)
we have u(S) = 0.

The key idea for finding the decomposition v = v; + v, is to use the set .S from (14.1) to
decompose v. Namely, define

v (A)=v(AN(X\S)) and v,(A):=v(ANS), VAeM. (14.2)

It is easy to check that the formulas in (14.2) define two finite positive measures
vy, Vy 2 I — [0, 00). Moreover, it is immediate that v; 4+ v, = v. Indeed, for every
Aem,

v (A)+vy(A) =v(AN(X\S)) +v(ANS)
v((AN(X\S)u(Ans))
= u(4),

where we used the additivity of v and the fact that
(AN(X\S)uAnS)=A4
is a disjoint union.

It remains to verify that v; and v, satisfy conditions (ii) and (iii) in the statement of the
theorem. That is, we must verify the following two claims.

Claim 1. v, L p.

Verification of Claim 1. From its definition, v, is concentrated on S. Equivalently,
(X \S) =v((X\ S)NS)=v(z) =0.But p is concentrated on Q := X \ S because
w(X\ Q) = u(S) =0 (by lemma 13.3).

Claim 2. v; < p.

Verification of Claim 2. Let A € 9t with p(A) = 0. We want to show that v, (A) = 0.
But v, (A) =v(AN (X \ S)) For O, let g = x 4. So

/XAh1d/‘:/ Xaho dv
b'e X

But fX Xahy dp = 0 because x 4hy = 0 a.e-u (due to pu(A) = 0). Hence, we have
X ahy € Bor® (X, R) which has fX Xahg dv = 0.1t follows that x 4h, = 0 a.e-p1. Hence,

Z =A{z € X | xa(2)hy(z) # 0}
has v(Z) = 0. But

Z ={x € X | xalz) # 0} N {hy(z) # 0}
=AN(X\S)

Hence, 14 (A) = v(AN (X\ S)) = 0, as required. O

PMATH 450 75



PMATH 450 Conditional Expectations

14.2 Conditional Expectations

Suppose (X, 91) is a measurable space and 91 is a sigma-algebra of subsets of X
such that 91 C 1. In this part of Lecture 14, we use the more elaborate notation

Bor((X,9M),R):={f: X >R | f1(B) €N for every B € By}, (14.3)
in parallel with
Bor((X, M), R):={f: X >R | f1(B) €M for every B € By}. (14.4)

The reason for deviating from the familiar notation Bor(X, R) is that it would now
be unclear whether we mean the space in (14.3) or the space in (14.4).

Since 91 C 9, it follows immediately from the definitions that

Bor((X,9),R) C Bor((X, M), R).

This inclusion can be strict. In fact, Bor((X,9),R) can be much smaller than
Bor((X,9M),R), as shown by the next example.

Consider the measurable space (X, 9t), where
X = [O, 1] and M = B[0,1]7

the Borel sigma-algebra of [0, 1]. Partition [0, 1] = J; U J, U J;, where

1 11 1
n=lozl 2=(33] %=(31]

It is immediate to check that
N = {®7J15J27J37J1UJ27J1UJ37J2UJ37X} (145)
is a sigma-algebra of subsets of X satisfying 91 C 9.

Let us compare Bor((X, 91), R) and Bor((X, 9t), R). First, Bor((X,9),R) is a
large infinite-dimensional vector space; for instance, it contains every continuous
function f : [0, 1] — R. On the other hand, for a function g : X — R,

g € Bor((X,M),R) <= g is constant on each of J;,J,,J5. (14.6)

Consequently, Bor((X,91),R) is a three-dimensional space:
Bor((X,M),R) = Span{XJl’XJz’XJs} (14.7)

= {041XJ1 +aoxy, tasxy, | g, 09,05 € R}~
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The verification of (14.6) and (14.7) is left as an exercise—Problem P14.2 in the
problem set for this lecture.

We now move to the situation in which the framework also has a finite positive
measure 4 : D — [0, co).

Let (X, 90, ) be a measure space with p(X) < oo, and let 91 be a sigma-algebra of
subsets of X such that 91 C 91. Let p, : 9 — [0, 00) be the restriction of x to 91;
that is,

1o (N) = u(N), VN €.

Then p, is a finite positive measure on 9, and

/gduo:/gdu, Vg € Bor™ ((X,M),R). (14.8)
X X

The proof of Lemma 14.6 is left as an exercise. One possible approach is the method of
friendly functions: define

G :={g € Bort((X,M),R) | Equation (14.8) holds for g},
and verify that G satisfies conditions (i)—(iv) of Lemma 6.9. That lemma then gives
G = Bort((X,M),R),

which says precisely that every g € Bort ((X, 91), R) satisfies (14.8).

Let (X, 9, u) be a measure space with u(X) < oo, let 0N be a sigma-algebra of
subsets of X such that 91 C 91, and let p : 91 — [0, 00) be the finite positive
measure obtained by restricting u to 9. Consider the measure space (X, 91, 11).

Let f € L1(X,9M, ). A function g : X — R is called a (version of the) conditional
expectation of f onto N if g € L1 (X, M, ) and

[ xwadno = [ xwfdn, N e (149
X X

Comment related to Definition 14.7. The issue with the function f in (14.9) is that it may not
be 91/ Bg-measurable. Consequently, integrals of functions y » f may not make sense in
the measure space (X, 0, ). The conditional expectation g is introduced precisely to fix
this issue. Also, g is only determined in an a.e-u sense, which is why we call it a “version”.
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Proposition 14.8

Let (X, 9, u) be a measure space with u(X) < oo, let N be a sigma-algebra of
subsets of X such that 91 C 9, and let f € £1(X, M, p) satisfy

f(z) >0, VzelX.

Then f has a conditional expectation g onto 91 in the sense of Definition 14.7, and g
may be chosen so that

g(x) >0, VrelX.

Proof: We look at p : 9 — [0, 00) and also at v : 9t — [0, co) defined by dv = fdu.
That is,

wm=Afw

for all A € 9. Then v is a finite positive measure on 9 (by Prop 7.9) with v < p. Now,
let us restrict to 91. Let p1g, v : 91 — [0, 00) be defined by pg(N) = u(N) and

Vo(N) = v(N) forall N € M. g, v, are finite positive measures on N with v, K
(since v < p on M). Apply Radon-Nikodym to get a R-N derivative g € Bor* ((X, 91),R)
such that dvy = gdu,. That is, vy (N) = fN gdug for all N € 91. So, for every N € 0N, we
have

/ gdug = VO(N)
N

=v(N)
~ [ rau
N
Wait, is this g in £1(X, 9, pg)?
Yes, because for N = X, we get fnguo = fX fdp < oo since f € L1 (u, M, p). O

Corollary 14.9

Let (X, 9, u) be a measure space with u(X) < oo, let 0N be a sigma-algebra of
subsets of X such that 91 C 901, and let f € Ll(X, M, u). Then:

1 The function f has a conditional expectation onto 1.

21f g, g’ are two versions of the conditional expectation of f onto 0, then there
exists Z € 9N such that p(Z) = 0 and

g(x)=g'(z), YzeX\Z.

The proof of Corollary 14.9 is left as an exercise:
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- To prove 1, consider the positive and negative parts f, and f_ of f € £} (X, 9, u) and
apply Proposition 14.8 to each of them.

« To prove 2, use Q2 of A3 in connection with the function

lg—g’| € Bort ((X,M),R).

Consider the same framework and notation as in Corollary 14.9: a measure space
(X, 9, 1), a sigma-algebra 9 C M, and a function f € L1(X, M, u). A conditional
expectation g of f onto I is often denoted by

g=E[f | MN].

Thus E[f | 9] is a function in £ (X, 9, ug), where p, is the restriction of y to N.
Keep in mind that E[f | 91] is not uniquely determined: it is defined only up to
equality a.e.-f1. This is why we speak about versions of the conditional expectation
of f onto M.

Continuing on Example 14.5.

Let f(z) = 22 for all z € [0, 1]. We accept that there exists probability measure

t i Byg 1) — [0, 1], uniquely determined, such that u([a, b]) = b — a for all

0 < a < b < 1. In particular, we have p({a}) = 0 for all @ € [0, 1]. This implies that
wu(J) = sup(J) — inf(J) for every (open, half-open, closed, ...) interval J C [0, 1].

Important property of y: for f : [0,1] — R continuous, we have

/deu: /O1 f(z)ds

where the right hand side denotes a Riemann integral, and moreover,

sup(J)
[rau= "7 @)
J inf(J)

for every interval J C [0, 1].
We want to find E[f | 9] for f(z) = 2% and N as above.
Have: E[f | M] = g € Bor((X, M), R) such that

/N gdu = /N 22 du(a)

forall N € M.
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But Bor((X,M),R) = Span{le, X s XJ, } Hence, g must be of the form
g =Xy, +asxy, +azxy,
for some a, ay, 3 € R.

How do we compute the «;’s?

i . On the

O wi=

Start with o;. We havef gdu = f z? dp(z faa: dz = [32%]% =

other hand,
/gdu:/ gxy, dp
T X

= / (auxs, + X, + X, )X, A
X

:/ X1 X, dp
X

=a; - p(h)
:alg

Therefore, ?1 = %, S0y = % Use the same procedure to compute oy, 3.

15 How to Construct Measures via the Caratheodory
Extension Theorem

15.1 Motivation: Why an Extension Theorem Is Useful
Remark 15.1

For a metric space X, there is usually no intrinsic description of all sets in the Borel
sigma-algebra By, nor a direct way to define a measure on every such set. What we
often do have is:

. an algebra A C By with o-Alg(2) = By;

- an explicit additive set-function g : 2 — [0, oo].

The extension problem is to find conditions ensuring that 1, extends to a positive

measure 4 : By — [0, 00]. The relevant condition will be that y, is a pre-measure.

Let X = R with its usual metric and consider the semi-algebra

J={2}U{(a,b] |a<b in R}U{(—o00,b] | beR}U{(a,00) | a € R} U{R}.
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Let £ := Alg(J). Equivalently, £ consists of all finite disjoint unions of sets in 7.
Moreover,

o-Alg(€) = By.
Now let G : R — R be increasing and put
£, = lim G(¢t) and {_:= lim G(s).

t—o0 85——00

Define pq on J by py (@) = 0 and

#o((a, b]
(=00, b]
#o((a, 00)

):=G(() —G(a), a<b, (15.1)
)=G(b)— L,
) =4, — (a)a

) =4y — (15.2)

o (R
Finite additivity extends p to £.

The question is whether p, : € — [0, 00| extends to a positive measure on By. It
does when G is cadlag: in that case p is a pre-measure, so the Caratheodory
extension theorem applies.

15.2 Pre-measures and Caratheodory’s Extension Theorem

Let X be nonempty, let 2 be an algebra of subsets of X, and let i, : A — [0, 0o] be
additive. We call 11, a pre-measure if it satisfies the following pre-sigma-additivity
condition:

If (An):;l are sets in 2 with A, NA; =g for i+#j
(Pre-Sigma-Add) and if U, A, still belongs to A
then MO(U%O:I An) = Zzozl MO(An)

Comment: Since 2 need not be a sigma-algebra, a countable union of sets in 2 may leave
2A. Thus (Pre-Sigma-Add) applies only when the countable union happens to remain in 2.

The condition is necessary for an extension: if a positive measure p on o-Alg(2A) extends
1o, then the sigma-additivity of p forces (Pre-Sigma-Add) for . Caratheodory’s theorem
says that the condition is also sufficient for such an extension to exist.
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Theorem 15.4 Caratheodory extension theorem
Let X be nonempty, let 2 be an algebra of subsets of X, and put
M := o-Alg(2).

If py : A — [0, 00] is an additive pre-measure, then there exists a positive measure
w: M — [0, oo] extending pug:

1(A) = po(4), VA

Remark 15.5 Caratheodory’s blueprint
The construction has two stages:

1. Overshoot. Extend p, from 2L to an outer measure p* : 2% — [0, oo].
2. Trim down. Find a sigma-algebra G C 2% containing 2 such that ji := wlgisa
positive measure.

This suffices because:

- any sigma-algebra G containing 2 also contains 9t = o-Alg(2);
« the restriction p := fi|gy is therefore a positive measure;

« since p* extends p, so does p.

Let X be nonempty. A function p* : 2% — [0, oo] is an outer measure if it satisfies:

(OM1) (@) = 0.
(OM2) If E C F C X, then pu*(E) < p*(F).
(OM3) For every sequence (En)zo: , of subsets of X,

n=1
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Proposition 15.7 Overshoot step

Let X be nonempty, let 2 be an algebra of subsets of X, and let i, : %4 — [0, 0o] be
a pre-measure. For £ C X, define

p(E) = inf{z po(A,) | A, €U for every n € N,E C U2, An}. (15.3)
n=1

Then:

1. p* is an outer measure.
2. p*(A) = po(A) for every A € 2.

oo
=1

A sequence (A,,) " occurring in (15.3) is called a countable cover of E.

Proposition 15.8 Trim-down step, Part 1

Let X be nonempty and let u* : 2% — [0, oo] be an outer measure. Call a set G C X
good for p* if

w(EUF) = u*(E) + u*(F)
whenever E C Gand F C X \ G. Then:
1. The collection
G:={G C X | G is good for u*}

is a sigma-algebra.
2. The restriction fi := (1*|g is a positive measure on G.

Proposition 15.9 Trim-down step, Part 2

In the framework of Proposition 15.7, every A € 2 is good for the outer measure y*
defined there. Consequently,

ACG.

15.3 Lebesgue—Stieltjes Measures on the Real Line
Return to Example 15.2 and its increasing function G : R — R.
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The function G is cadlag if it is right-continuous at every b € R:
lim G(s) = G(b), VbeR. (15.4)
s—bt
The name comes from the French continue a droite, limite a gauche: it is continuous

from the right and has limits from the left. Since G is increasing, its left-hand limit
exists at every a € R and satisfies

lim G(t) < G(a),

t—a~

although strict inequality may occur. ~ (15.5)

Proposition and Definition 15.11

Suppose the increasing function G : R — R from Example 15.2 is cadlag. Then the
additive set-function g : £ — [0, 0o] constructed there is a pre-measure, and hence
extends to a positive measure

u: By — [0, 00].

The resulting measure p is called the Lebesgue—Stieltjes measure defined by G. It is
uniquely determined by

u((a,b]) = G(b) —G(a), Va<b in R.

Proof of Uniqueness of u: Let u, fi : By — [0, 00| are such that
u((a,b]) = G(b) — G(a) = i((a,b]). Then for @ < b in R, we also have

u((a,b)) = lim /L<(a,b7 %]) = = i((a,b))

From p((a, b)) = i((a,d)) for all @ < b in R, we further concldue that u(U) = (U) for
all U C R open. Write U as a countable disjoint union of open intervals. Finally, get
u(B) = fi(B) for all B € By by using regularity considerations from P2.5-Q3 on A1l. ]
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Remark 15.12

How does the cadlag property arise in Example 15.2? In particular, where does the
asymmetry between the left and the right come from?

Think in reverse, starting from p. Suppose (sn):il decreases to b, with s,, > b, and
fix a < b. Then

(a,s,] 4 (a,b].
Since u((a, $1]) < oo, continuity from above gives
G(5) — G(a) = u(a B)
~ lim p((a,s,])

= lim (G(s,) — G(a)).

n—o0

Therefore lim,,_,  G(s,) = G(b), which is right-continuity.

o)
=1

Now suppose (t,,)
(tn,0] 4 [a,b], so

increases to a, with ¢, < a, and fix b > a. Then

Jim (G(b) — G(t,)) = lim p((t,,b])
= p([a, b))
= p({a}) + G(b) — G(a).
Hence

lim G(t,) = G(a) - u({a}) < G(a).

n—o0

The inequality is strict exactly when a is an atom of u, meaning that u({a}) > 0.
This explains why right-continuity is required while a jump from the left is allowed.

Fix a < b in R and define

0 if t<a
Gt):=<{t—aif a<t<b
b—aif t>b.

This function is increasing and continuous, hence cadlag. Its Lebesgue-Stieltjes
measure is Lebesgue measure restricted to [a, b]:

w(E) = MEN[a,b]), VE € Bg.

In particular, u(R) = b — a.
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